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RESUMO

CRUVINEL, E.V.B.M. Investigação dos efeitos dissipativos em estruturas periódicas. 2022.

106 p. Dissertação (Mestrado em Modelagem e Otimização) – Instituto de Matemática e

Tecnologia, Universidade Federal de Catalão, Catalão – GO.

Estruturas periódicas são compostas de subestruturas idênticas ou células conectadas, com

sua periodicidade caracterizada por descontinuidades geométricas ou materiais. Devido à

periodicidade, estas estruturas apresentam características dinâmicas especiais, agindo como

filtros mecânicos para ondas elásticas propagantes em intervalos específicos de frequência,

conhecido como bandas atenuantes. A maior parte das investigações anteriores não levaram

em consideração os efeitos de dissipação de energia. Entretanto, estruturas de engenharia

dissipam energia através de vários mecanismos, por exemplo, devido ao atrito entre cone-

xões, abertura e fechamento de micro trincas ou atrito interno. Dissipação de energia, tam-

bém caracterizado como amortecimento vibracional, pode alterar as bandas de frequência

da estrutura, logo modificando o comportamento da propagação de ondas. O objetivo desta

dissertação é analisar o efeito do amortecimento na atenuação das ondas elásticas de estru-

turas periódicas quando submetidas à excitação harmônica forçada. Os modelos de amor-

tecimento viscoso, histerético e viscoelástico aplicados a quatro configurações de estrutu-

ras periódicas, com e sem ressonadores internos, modelados como sistemas de parâmetro

concentrado massa-mola-amortecedor serão investigados. Tais modelos de amortecimento

também serão aplicados para duas configurações de estruturas periódicas contínuas, a barra

compósita e a viga sanduíche. Para cada configuração, as equações do movimento da célula

unitária são deduzidas, e a matriz de transferência é implementada para modelar a propa-

gação das ondas elásticas na estrutura periódica, além de obter a constante de propagação

que permite a construção das curvas de dispersão. Diferentes níveis de amortecimento são

considerados, e seus efeitos em passa bandas, bandas atenuantes e resposta da função em

frequência serão analisados. É mostrado que a introdução do amortecimento em estrutu-

ras periódicas alteram as curvas de dispersão, aumentando o nível de atenuação nas regiões

de passa banda. É mostrado também que para o caso do amortecimento viscoelástico, as

bandas atenuantes se deslocam no eixo da frequência.

Palavras-chaves: estruturas periódicas , bandas atenuantes, band gaps, amortecimento,

metamateriais acústicos.



ABSTRACT

CRUVINEL, E.V.B.M. Investigation of dissipative effects in periodic structures. 2022. 106 p.

Master’s degree in Modeling and Optimization – Institute of Mathematics and Technology,

Federal University of Catalão, Catalão – GO - Brazil.

Periodic structures are composed of identical substructures or cells that are connected end

to end in a similar manner, with their periodicity characterized by geometrical or material

discontinuity. Due to their periodicity, these structures present special dynamic characteris-

tics, acting as a mechanical filter for elastic waves propagating in specific frequency intervals,

known as stop bands or band gaps. Most of previous investigations disregard energy dissipa-

tion effects. However, engineering structures dissipate energy by various mechanisms when

they vibrate, for instance, due to friction at connections, opening and closing of material

microcracks or internal material friction when deformed. Energy dissipation, also known

as vibration damping, can alter frequency band structures, thus modifying the behavior of

wave propagation. The purpose of this dissertation is to analyze the effects of damping on

the attenuation of elastic waves in periodic structures when subjected to forced harmonic

excitation. The viscous and hysteretic damping models are investigated when applied to

four different configurations of periodic structures, with and without internal resonators,

modeled as lumped mass-spring-damper subsystems. Also, these damping models will also

be applied for periodic continuous structures, the composite rod and the sandwich beam.

For each configuration, the equations of motion of the unit cell are derived, and the trans-

fer matrix method is implemented to model the elastic wave propagation along the periodic

structure and to obtain the propagation constant that allows the construction of dispersion

curves. Different levels of damping are considered, and their effects in pass bands, stop

bands and frequency response functions are analyzed. It is shown that the dispersion curves

are altered when adding damping in periodic structures, increasing the attenuation level in

the pass band regions. It is also shown that in the case of viscoelastic damping, the band

gaps are shifted in the frequency axis.

Keywords: periodic structures, stop bands, band gaps, damping, acoustic metamaterials.
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Chapter 1

INTRODUCTION

The increased complexity in engineering systems has led researchers to devote their

attention in the obtention of materials with properties not commonly found in nature. This

new class of materials is called metamaterials (CUI; LIU; SMITH, 2010; DEYMIER, 2013; BA-

NERJEE, 2011). Recently, metamaterials have been received attention and investment from

governments and companies due to potential technologies that they are able to deploy, ran-

ging from sound filtering, seismic protection, ultrasonic sensors and super lens, to new an-

tennas and vibration attenuation.

Metamaterials are particularly capable of handling electromagnetic and mechanical

waves due to local resonances and scattering phenomena that arises from their geometric

and/or material pattern. Metamaterials can also be tailored to withstand large mechanical

loads where conventional materials would fail (INJETI; DARAIO; BHATTACHARYA, 2019).

Regarding antenna systems, Wu et al. (2005) studied the effect of using metamaterials

as an antenna substrate. They concluded that metamaterials are capable of improving the

antenna gain due to the manipulation of the effective permittivity and permeability of the

electromagnetic field.

Metamaterials are able to increase images sharpness. In the optics field, Pendry (2000)

used a slab of negative refractive index material to bring light to a perfect focus. The meta-

material used was a silver wire structure with lattice spacing, and it was capable of restoring

the phase of electromagnetic propagating waves and the amplitude of evanescent states.

Another example of wave propagation control is found in Rudykh and Boyce (2014).

The authors analyzed the propagation of elastic waves in a flexible, layered material with

textured nanoscale wrinkles. Applying a mechanical load beyond the critical compression

strain increases the wrinkles amplitudes of the interfacial layer, creating a system of periodic

scatterers which reflects and interfere with wave propagation. The formation of wrinkling

interfaces can be used to create frequency band gaps and filter undesirable frequencies.

As it was cited earlier, metamaterials are also employed in mechanical systems for



18 Chapter 1. INTRODUCTION

vibration attenuation. Such class of metamaterial is commonly composed of a pattern in

geometry, material, or even both, and it is usually referred as periodic structure. Here, the

central idea is to attenuate or even suppress the propagation of elastic waves in the struc-

ture, thus reducing the displacement amplitude levels of the mechanical system. Periodic

structures are capable of filtering elastic waves, thus attenuating vibration on certain range

of frequencies. Such periodicity may arise from the geometry of the structure, material pro-

perty, or a combination of both. Two examples of periodicity in a rod are depicted in Figure

1.1:

Figure 1.1 – a) Homogeneous rod, b) Rod with geometric periodicity and c) Rod with material periodicity.

Source: (ASIRI; ALJAWI, 2006).

The phenomenon of elastic waves filtering occurs due to Bragg scattering or local re-

sonances in the interface where material or geometric discontinuity is presented (SIGALAS;

ECONOMOU, 1992). The frequency bands where vibration energy is not allowed to pass are

called band gaps or stop bands, whereas the opposite is called pass bands.

The theory of periodic structures was first introduced by Brillouin (1946) and later on

Mead (1970) extended the theory to many different mechanic structural designs. Since then,

many other authors have been contributing to the study of periodic structures.

Common terminologies in the field of periodic structures are phononic crystals and

acoustic metamaterials. The former terminology is applied to structures where the band

gaps occur due to Bragg scattering, therefore the periodicity and position of the scatterers

are very important to obtain desired properties (KHELIF; ADIBI, 2015). As for metamaterials,

their structures usually involve local resonators, and normally resonate at lower frequencies

compared to Bragg scattering. In this case, metamaterials might possess local resonances

and Bragg scattering.

In Figure 1.2 it is shown an example of phononic crystal and metamaterial, represen-

ted by a mass-spring-damper system:
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Figure 1.2 – a) An example of phononic crystal, b) An example of metamaterial

Source: (FRAZIER, 2015).

In Figure 1.3 it is depicted a dispersion diagram showing the band gaps originated by

phononic crystals and metamaterials in Figure 1.2. The dispersion diagrams are divided in

left and right panes from the origin (Wavenumber = 0), where the left side shows the attenu-

ation factor and the right side shows the phase constant of the periodic structure.

Figure 1.3 – a) Phononic Crystal with band gaps due to Bragg scattering and b) Metamaterial with band gaps
due to Bragg scattering and local resonances.

Source: (FRAZIER, 2015).
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For the phononic crystal band frequency in Figure 1.3 a), it can be observed two band

gaps region due to Bragg scattering, the first in a interval of 75 - 125 kHz and the second in 160

- 200 kHz. Inside these frequency range, the elastic waves are highly attenuated, decreasing

the vibration amplitude across the structure. As for the other frequency ranges, the elastic

waves can freely propagate, thus being called pass bands.

The acoustic metamaterial in Figure 1.3 b) shows three band gap regions. Notice in

this case the existence of a band gap at low frequency of 25 kHz caused by the resonance of

the mass m2 located inside mass m1. This local resonance is what defines the term acoustic

metamaterial rather than phononic crystal. In the same way, this local resonance attenua-

tes the propagation of elastic waves when the structure is submitted to this particularly low

frequency, thus mitigating the amplitude of the vibration in this configuration of periodic

structure.

For practical applications, in Figure 1.4 it is shown an example of metamaterial struc-

ture (ASSOUAR et al., 2012) utilized for low frequency sound attenuation:

Figure 1.4 – Metamaterial for low frequency sound attenuation.

Source: (ASSOUAR et al., 2012).

The aluminum plate is arranged with a periodic array of composite stubs made of

tungsten and silicone rubber. Using tungsten and silicone rubber thicknesses of 8 mm and

5 mm, the metamaterial was capable of attenuating sound waves in the frequency range of

800 - 2800 Hz.

For automotive systems, Asiri and Aljawi (2006) studied the design of a periodic mount

to suppress vibration transmission from a vehicle engine to the car body. By using a periodic

mount with material and geometrical discontinuities, a desired reduced transmissibility was

achieved.

Another example of phononic crystal applied in automotive systems can be found in

(WAN; SHAO; CHENG, 2017). The authors applied a phononic crystal structure in the roof

of a car to suppress low frequencies noise. Their periodic structure can be tuned to suppress

sound in a range between 67 - 200 Hz. In Figure 1.5 it is depicted the unit cell of the phononic

crystal, the location where the phononic crystal was installed and the reduction in vibration
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transmission achieved:

Figure 1.5 – a) Unit cell of the phononic crystal, b) Phononic crystals installed in the car roof, c) Vibration trans-
mission with and without phononic crystal in the roof.

Source: (WAN; SHAO; CHENG, 2017).

The stability of an oil platform is essential for well drilling and structure reliability.

Asiri and AL-Zahrani (2014) studied the application of material and geometry periodicity

in offshore platform legs to attenuate vibrations caused by sea wave motion. It was found

that the design of a periodic leg was capable of reducing the propagation of elastic waves

throughout the platform in a broad range of frequencies (0-3000 Hz).

In any mechanical system there is loss of kinetic and potential energy. The phenome-

non in which vibration amplitude diminishes over time is called damping.

Sources of damping can be divided in inherent or added damping. The former deals

with damping due to structural joints, material microcracks, damping due to a surround

fluid (air, water), whereas the latter deals with some kind of energy dissipation mechanism

that is added to structure in order to reduce vibration or sound transmission. In this case,

special alloys or composite materials might be added to the structure, as well as viscoelastic

materials or vibration absorbers.

Several damping models are available in literature, and their implementation relies

on the type of energy dissipation mechanisms in the structure. However, from a practical

perspective, it is rather difficult to find all the types of energy loss in a mechanical system,

and often the analyst employs a simplification of these models to account for all sources of

damping presented in the structure.

The viscous damping model is the most employed model for the analysis of damping

in structures due to its mathematical simplicity, especially for mechanical systems modeled

with just one single degree-of-freedom. This damping model is commonly applied in struc-

tures with shock absorbers or immerse in fluids, and the damping force is proportional to

the velocity.

Another commonly employed damping model is the hysteretic damping model, usu-
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ally utilized to model damping due to structural joints or material damping. In this parti-

cular damping model, the damping force is independent of structural frequency excitation,

and there is a constant relation between the damping ratio and loss factor at the resonant

peaks in the frequency domain of the structure.

In structures with viscoelastic materials added to suppress vibration, such as rubber

mounts or constrained layer damping treatment, several mathematical models are used to

characterize the behavior of these viscoelastic materials for damping, such as Kelvin-Voigt,

Maxwell, Golla-Hughes-McTavish (GHM) and Generalized Maxwell Model (GMM). Visco-

elastic materials possess a frequency-temperature dependency on its material properties,

making it a challenge during the mathematical modeling development.

Since periodic structures are mechanical systems, they are also subjected to damping

phenomenon. Therefore, any kind of energy dissipating mechanism should be included in

the analysis of elastic wave propagation in periodic structures, as it could affect the forma-

tion of pass bands and band gaps.

Farzbod (2010) proposed a general framework for applying a Bloch analysis in dam-

ped systems to investigate the damping effect on dispersion curves. The results reveal that

damping may introduce wavenumber band gaps and bending of dispersion curves. In this

case, dispersion curves and wavenumbers may have two or more temporal frequencies.

Chen et al. (2016) introduced viscous dampers in a chain of metamaterials to inves-

tigate the dissipative effects on pass bands and band gaps. It was shown that a band gap

merging phenomenon occurs when increasing the level of damping attenuation of the vis-

cous dampers, as observed in Figure 1.6:

Figure 1.6 – a) Metamaterial with viscous dampers, b) Attenuation diagram of metamaterial, damping level
represented by τ.

Source: (CHEN et al., 2016).

For viscoelastic damping, Zhao and Wei (2009) analyzed the damping effect on one

dimensional periodic structure caused by the viscoelastic host material. It was found that

the viscoelastic parameters of the host material change the location and width of band gaps.
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Regarding exotic types of damped periodic structures, Zheng, Li and Baz (2011) deve-

loped a periodic mount composed of viscoelastic cores, as depicted in Figure 1.7:

Figure 1.7 – Periodic mount using viscoelastic core.

Source: (ZHENG; LI; BAZ, 2011).

The base metal was made of aluminum, while the viscoelastic material was made of

rubber. The proposed design covered a wide frequency band gap region (0-14kHz). The

authors claimed that their proposed periodic mount may find many applications where vi-

bration must be attenuated, such as in gear support struts, engine mounts in automobiles

and aircrafts, as well as in underwater vehicles.

Hussein and Frazier (2010) presented a theoretical formalism for the study of wave

dispersion in damped elastic periodic materials, considering Rayleigh and general damping.

Their results show that damping may radically change the frequency band structure, hence

altering band gaps. Also, using general damping with the framework of free waves propaga-

tion, a wavenumber band gap also occurred.

Frazier (2015) studied the effect of energy dissipation (thus damping) in 1D phononic

crystals and metamaterials. Using the framework of prescribed waves, it was found that ma-

terial damping attenuates the transmission of energy between adjacent unit cells, resulting

in spatial attenuation across the structure.

A hybrid phononic crystal with hysteretic damping was studied in Guo et al. (2018). It

was investigated the effect of hysteretic damping in band gaps and power flow of the periodic

structure, where it was found that hysteretic damping contributed to decrease the attenua-

tion level of band gaps when increasing damping.

Belle (2019) investigated the effect of damping in band gaps for vibro-acoustic perfor-

mance of locally resonant metamaterials on vibration and acoustic insulation. It was found

that adding damping effectively reduced the peak attenuation of the structure, and that it

was also possible to broaden the frequency range of attenuation. The impact on the acous-

tic insulation performance was only limitedly addressed.
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Wang et al. (2020) studied the impact of particle damping on band gaps of phononic

crystals. By filling the aluminum shell dampers with steel balls in an aluminum plate, it was

found that the phononic crystal presented excellent medium and low frequencies damping

characteristics, extremely wide-band gap and low frequency domain vibration damping cha-

racteristics.

Figure 1.8 – a) Particle damping phononic crystal structure, b) Periodic unit cell structure, c) Top view of perio-
dic cell unit, d) Picture of the resonant structure with particle damping

Source: (WANG et al., 2020).

In order to analyze band gaps and pass bands in periodic structures, two frameworks

are generally used, namely the free wave propagation and the prescribed wave. The former

follows an approach ω = ω(k), where ω denotes the frequency and k the wavenumber. In

this case, the wavenumber is selected to be a real number, and the frequency solutions are

permitted to be complex. This approach represents a medium permitting free dissipative

wave motion as the result of an impulse loading for instance (KRATTIGER; PHANI; HUSSEIN,

2017).

On the other hand, the prescribed wave framework represents a periodic structure

submitted to a harmonic sustained frequency, like a harmonic force. In this case, the formu-

lation is given by k = k(ω), where the frequencies are selected to be real and the wavenumber

solutions are permitted to be complex.

In Figure 1.9 it is shown the dispersion diagrams for both frameworks utilized to study

the band gaps in periodic structures when damping is added:
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Figure 1.9 – a) Dispersion diagram using free wave propagation, b) Dispersion diagram using prescribed wave
propagation.

Source: (FRAZIER, 2015).

With no damping, represented by the expression q = 0, both frameworks describe the

same pattern of pass bands and band gaps. However, as the damping increases, for instance

q = 1.5×10−7, it can be seen totally different patterns in the band gaps. In the case of free

wave propagation, the band gaps are shifted by a small amount, whereas in the case of the

prescribed wave propagation it is seen that for frequencies above ωd a
c = 5, only band gaps

exist.

1.1 Objectives

There is a vast literature regarding mechanical periodic structures. However, most of

previous studies neglect energy dissipation effects. It is well known that real structures dissi-

pate some amount of energy by various mechanisms such as friction at structural connecti-

ons, internal friction, opening and closing of microcracks and so on. This energy dissipation

might alter the behavior of wave propagation, impacting frequency band structures.

Considering the analysis of periodic structures, two frameworks are commonly used

for the study of wave propagation: the free wave and prescribed wave propagation. The

former is suited for the analysis of wave propagation when an initial displacement, velocity

or impulse load is applied to the structure, whereas the latter is suited for the analysis of

harmonically excited structures.

Nearly all studies focus on the effect of damping in periodic structures using the free

wave propagation framework. Since many of the vibration problems in engineering are sub-

mitted to a harmonic force, the framework of prescribed waves will be utilized. Hence, this
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dissertation is devoted to the study of several damping models in periodic structures using

the framework of prescribed wave propagation and their impact on pass bands and band

gaps of discrete and continuous periodic structures.

The damping models studied herein are the proportional and non-proportional vis-

cous damping, the hysteretic damping and the viscoelastic damping. For the specific case of

the viscoelastic damping, frequency and temperature effects on the viscoelastic material are

considered.

1.2 Dissertation structure

In Chapter 2 it will be introduced the concept of band gaps and pass bands in me-

chanical periodic structures. Additionally, the transfer matrix method is described, as it will

be useful to calculate the attenuation factor of the periodic structures. Furthermore, the

band gaps and pass bands of a simple periodic beam are calculated using the transfer matrix

method.

The different damping models are shown in Chapter 3. The models studied herein

are the proportional viscous, non-proportional viscous, hysteretic and viscoelastic damping

Each model is discussed in detail along with equations.

Chapter 4 presents the results of the different damping models and their impact on

the attenuation factor of each structure: a mass-spring-damper system, a periodic compo-

site rod and a periodic sandwich beam with viscoelastic cores.

Finally, in Chapter 5, conclusions regarding the dissertation herein are presented, as

well as future perspectives. Moreover, the bibliography is also displayed.
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Chapter 2

Methods for drawing dispersion curves

In this chapter two methods for drawing dispersion curves of periodic structures are

illustrated, namely the transfer matrix method and the determinantal equation approach.

To understand wave propagation in periodic structures and therefore the calculation

of band gaps, an example of a diatomic mass-spring-damper model is introduced. In Figure

2.1 the infinite diatomic mass-spring-damper chain is shown:

Figure 2.1 – a) Diatomic mass damper spring system, b) Unit cell of the system.

Source: The author.

The following equations are obtained after applying Newton’s law of motion in the

unit cell of Figure 2.1 b):

m1

2
q̈1 + c(q̇1 − q̇2)+k(q1 −q2) = f1

m2q̈2 + c(2q̇2 − q̇1 − q̇3 +k(2q2 −q1 −q3) = f2

m1

2
q̈3 + c(q̇3 − q̇2)+k(q3 −q2) = f3

(2.1)

The variables q1, q2 and q3 represent the displacement degrees of freedom with asso-

ciated external forces f1, f2 and f3.
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The set of equations in Eq. (2.1) can be expressed in matrix form as follow:

M =


m1
2 0 0

0 m2 0

0 0 m1
2

 ,C =


c −c 0

−c 2c −c

0 −c c

 ,K =


k −k 0

−k 2k −k

0 −k k

 ,q =


q1

q2

q3

 , f =


f1

f2

f3

 (2.2)

The matrix form development is extremely important when analyzing continuous sys-

tems such as bar and beams, as the numerical model such as the finite element method is

required for the discretization of the unit cell.

With the matrix form, Newton’s law of motion in the time domain is written as:

Mq̈+Cq̇+Kq = f (2.3)

However, using the assumption of harmonic motion, Eq. (2.3) is written in the fre-

quency domain. Using Fourier transform in Eq. (2.3) and rearranging it:

(K+ jωC−ω2M)q = f (2.4)

The term inside the parentheses in Eq. (2.4) is called the dynamic stiffness matrix

(DSM), and it is particularly useful in the analysis of wave propagation in structures:

D = K+ jωC−ω2M (2.5)

With the dynamic stiffness matrix obtained in Eq. (2.5), it is now possible to apply two

methods to draw the dispersion curves, namely the transfer matrix method and the deter-

minantal equation approach.

2.1 Transfer Matrix Method

The transfer matrix method was first conceived in the 1920s to analyze the vibration

of one dimensional linear systems with an elastic construct (RUI; WANG; ZHANG, 2018). In

the context of periodic structures, the transfer matrix method couples the forces and displa-

cements between adjacent cells, and make it possible to calculate dispersion curves when

applying Floquet-Bloch theorem.

Using the unit cell of Figure 2.1, it is convenient to partition it into left (L), inner (I)

and right boundaries (R). In Figure 2.2 it is shown the partitioned adjacent unit cells (n) and

(n+1):
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Figure 2.2 – Diatomic mass damper spring system in a) and unit cell in b).

Source: The author.

Decomposing the dynamic stiffness matrix into left (L), right (R) and interior (I) de-

grees of freedom and by not applying external forces on the interior nodes, the following

expression is obtained:


DLL DLI DLR

DIL DII DIR

DRL DRI DRR




qL

qI

qR

=


fL

0

fR

 (2.6)

Since the interior degrees of freedom are not subject to any type of force/moment, the

decomposed DSM is condensed on left and right boundaries only:

[
DLL DLR

DRL DRR

][
qL

qR

]
=

[
fL

fR

]
(2.7)

with Dxx = Dxx −DxID
−1
II DIx, where the subscript xx denotes the degrees of freedom of

left (L) or right (R) side boundaries.

Let T be a matrix that relates displacements and forces between two adjacent cells (n)

and (n+1), it then follows:

T

[
qL

(n)

fL
(n)

]
=

[
qR

(n)

−fR
(n)

]
=

[
q(n+1)

L

f(n+1)
L

]
(2.8)

Combining Eqs (2.7) and (2.8), the transfer matrix T is obtained:

T =
[

−DLR
−1DLL DLR

−1

−DRL +DRRDLR
−1DLL −DRRDLR

−1

]
(2.9)

The displacements and forces at the left end of a unit cell are related to the displace-

ments and forces of at the right end of the nth cell by multiplying the transfer matrix of each
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unit cell in sucession.

[
qR

(n)

fR
(n)

]
= TnT(n−1)...T1

[
qL

(1)

fL
(1)

]
= T

[
qL

(1)

fL
(1)

]
(2.10)

The Floquet-Bloch theorem states that the time harmonic response at any point in an

unit cell is the same of the corresponding point in an unit cell with a phase difference of e i ka

(HUSSEIN; KHAJEHTOURIAN; ABEDINNASAB, 2014), where i is the complex number, k is

the wavenumber and a is the length of the unit cell. Thus, for any structure with repetitive

unit cells, one can use Floquet-Bloch theorem to understand wave propagation in the entire

structure by only analyzing the wave motion within a single unit cell (PHANI; HUSSEIN,

2017). The Floquet-Bloch theorem is given by Eq. (2.11) :

f (x +a) = e i ka f (x) (2.11)

One observation is that Floquet-Bloch theorem applies to infinite periodic structures,

i.e. structures with no boundaries (DOMADIYA et al., 2016). In practice, structures are finite

in nature, thus presenting boundaries that reflects elastic waves. Moreover, the discontinui-

ties in these periodic structures causes reflection, transmission and wave mode interchange.

However, it has been demonstrated by many studies (SONTI; NARAYANA, 2006; YILMAZ;

HULBERT, 2017; DOMADIYA et al., 2016) that the location of band gaps in an infinite pe-

riodic structure matches with its finite counterpart. For instance, Belle (2019) studied the

sound transmission loss between infinite and finite phononic crystals and locally resonant

metamaterials, with results shown in Figure 2.3:

Figure 2.3 – a) Sound Transmission Loss for infinite and finite locally resonant metamaterials, b) Sound Trans-
mission Loss for infinite and finite phononic crystals.

Source: (BELLE, 2019).

It can be seen in Figure 2.3 a good agreement between the finite and its infinite coun-

terpart in terms of sound transmission loss, demonstrating that modeling a finite periodic
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structure using its unit cell and applying Floquet-Bloch theorem is sufficient to get accurate

results.

When applying Eq. (2.11) to the displacement and forces of the unit cell, the following

relation is obtained:

[
qR

(n)

fR
(n)

]
= e i ka

[
qL

(1)

fL
(1)

]
(2.12)

From Eq. (2.10) and Eq. (2.12):

(T−λI)

[
qL

(1)

fL
(1)

]
= 0 (2.13)

where λ are the eigenvalues of the T matrix, with λ = e i ka . In order to calculate stop

bands and pass bands of periodic structures, the eigenvalues of the transfer matrix must be

calculated. The physical meaning of the eigenvalues is given below:

• If |λ| = 1, a pass band condition is defined

• If |λ| < 1, a stop band condition is defined.

The eigenvalue λ can also be rewritten in terms of phase change and amplitude ratio

as:

λ= eµ = eα+ jβ (2.14)

Where µ is defined as the propagation constant, with the real part α representing the

attenuation factor (logarithmic decay of the state vector) andβ the phase difference between

adjacent cells (BAZ, 2019).

Consequently, the stop and pass band conditions can be written in terms of α:

• If α= 0, we obtain a pass band, as there is no amplitude attenuation.

• If α ̸= 0, we obtain a stop band, with an amplitude attenuation defined by the value of

α.

Using the steps summarized in the above flowchart, the attenuation factor diagram of

the diatomic mass spring damper is given in Figure 2.4:
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Figure 2.4 – Attenuation factor diagram of diatomic mass spring damper system.

Source: The author.

It is observed in Figure 2.4 that between approximately 0-20 Hz the attenuation fac-

tor is zero, meaning that this is a pass band region, where elastic waves are free to propagate.

Then the attenuation factor increases from 23-72 Hz, so this is considered a band gap region,

where the elastic waves are attenuated. The presence of damping in the system attenuates

the elastic waves in the region between 72-74 Hz. From 74-150 Hz the attenuation factor ke-

eps increasing, meaning that the elastic waves are highly attenuated in this frequency range.

In Figure 2.5 it is depicted the phase constant diagram of the periodic structure:

Figure 2.5 – Attenuation factor diagram of diatomic mass spring damper system.

Source: The author.

The phase constant relates the phase difference between adjacent unit cells. For ins-

tance, a phase constant value of zero means that the adjacent unit cells are moving in phase,
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whereas a phase constant value of π would mean that the adjacent unit cells are moving

totally out of phase.

In Figure 2.6 it is shown the FRF of the diatomic mass spring damper system compo-

sed of ten unit cells:

Figure 2.6 – Frequency response of the diatomic mass spring damper system.

Source: The author.

Notice that inside the band gap zones located at 20 - 72 Hz and 74 - 150 Hz the displa-

cement of the mass is greatly reduced. Hence, the engineer can design structures that block

propagation of elastic waves at selectable frequencies.

2.2 Determinantal Equation Approach

The determinantal equation approach is another method utilized to calculate the dis-

persion curves. It consists on finding the complex roots of a determinant equation. These

roots are in fact the propagation constant of the periodic structure. For instance, MEAD

(1986) used this method to calculate the propagation constant µ in periodic Timoshenko

beams and stiffened plates.

For the determinantal equation approach, similar steps are taken from the transfer

matrix method. Starting with the decomposed dynamic stiffness matrix from Eq. (2.7), it is

possible to write the displacement terms q and forces f using Floquet-Bloch theorem in Eq.

(2.11) as follows:

qR = qLe−i ka

fR =−fLe−i ka
(2.15)

Substituting the relations from Eq. (2.15) in Eq. (2.7) leads to following matrix equa-
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tion in Eq. (2.16):

[
DLL DLR

DRL DRR

][
I

Ie−i ka

]
[qL] =

[
I

−Ie−i ka

]
[fL] (2.16)

Next the external excitation forces are set to zero. In this case, Eq. (2.16) is multiplied

on both sides by [Ie−i ka I]:

[
Ie−i ka I

][
DLL DLR

DRL DRR

][
I

Ie−i ka

]
[qL] =

[
Ie−i ka I

][
I

−Ie−i ka

]
[fL] (2.17)

Eq. (2.17) results in a homogeneous matrix equation whose determinant leads to the

propagation constants. Hence, from Eq. (2.17) the determinantal equation is given by Eq.

(2.18):

∣∣∣DRL + (DLL +DRR)e−i ka +DLRe−2i ka
∣∣∣= 0 (2.18)

The solution of the determinant of Eq. (2.18) leads to the propagation constant µ =
i ka = α+ jβ, where it was previously defined that the values of the attenuation constant α

dictates the conditions of pass bands and stop bands to occur.

Both methods leads to the goal of drawing dispersion curves for periodic structures,

however the transfer matrix method is used throughout the entire dissertation due to its ease

of numerical implementation, although numerical instabilities can arise in the solution of

the eigenvalue problem at higher frequencies (GOPALAKRISHNAN, 2016). Nonetheless, the

determinantal equation approach can also be employed, for instance, in implementations

using symbolic math packages.
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Chapter 3

Damping Models

Damping is the ability of a mechanical system to convert part of the vibrational energy

into another form (often heat or sound), thus reducing the vibration amplitude over time.

The primary mechanisms of inherently damping in mechanical systems are classified in th-

ree categories: internal damping, structural damping and fluid damping (SILVA, 2007).

In order to further reduce the vibration of a mechanical systems, passive or active

external dampers may be added to the system. The former dampens the system without

requiring an active source of power, as opposed to the latter. Examples of passive dampers

are shock absorbers used in economy cars and constrained layer damping used in bridges,

whereas active dampers can be found in self-propelled sprayer booms (MELLOTT, 2019) and

luxury cars.

Often, the sources of passive damping in a system are very difficult to identify. The

various types of damping may be present at the same time, such as viscous, Coulomb, and

hysteretic damping.

As discussed in the introduction, damping alters the wave propagation characteristic

in a structure, hence modifying the dispersion curves and impacting the location and width

of band gaps and pass bands.

In this dissertation, three damping models along with their impact on band gaps and

pass bands are covered: viscous, hysteretic and viscoelastic damping. The next section will

describe each model in detail.

3.1 Viscous Damping

Viscous damping is commonly found in structures presenting shock absorbers or im-

mersed in fluids like gas, air, water, etc. The damping force is proportional to the velocity of

the vibrating structure.
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3.1.1 Viscous Damping in Single Degree-of-Freedom System

As stated in the previous section, the damping force is proportional to the velocity of

the vibrating structure, being represented by the following expression:

Fd ampi ng =−cẋ (3.1)

For the Single Degree-of-Freedom (SDOF) mechanical system in Figure 3.1, the equa-

tion of motion obtained is given in Eq. (3.2):

Figure 3.1 – SDOF mechanical system.

Source: The author.

mẍ + cẋ +kx = 0 (3.2)

To solve Eq. (3.2), the following solution is assumed:

x (t ) =Ce y t (3.3)

Where C and y are constants. Substituting Eq. (3.3) in Eq. (3.2):

my2 + c y +k = 0 (3.4)

Hence, the two roots of Eq. (3.4) are:

y1,2 =− c

2m
±

√( c

2m

)2
− k

m
(3.5)

Using Eq. (3.5), the value of the damping coefficient c that makes the radical equals

zero is called critical damping, and it is defined as:

cc = 2
p

km = 2mωn (3.6)
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The parameter that describes the oscillatory behavior of any damped system is called

damping ratio, and it is obtained by the ratio of the damping coefficient to the system critical

damping:

ζ= c

cc
= c

2mωn
(3.7)

Substituting Eq. (3.7) and (3.5) in Eq. (3.3), the general solution for the free SDOF

system is:

x (t ) =C1e

(
−ζ+

p
ζ2−1

)
ωn t +C2e

(
−ζ−

p
ζ2−1

)
ωn t

(3.8)

Where C1 and C2 are constants obtained by initial conditions.

The value of ζ defines how the system will oscillate over time. In this sense, the four

cases are:

• ζ= 0: Undamped system

• 0 < ζ< 1: Underdamped system

• ζ= 1: Critically damped system

• ζ> 1: Overdamped system

In the undamped case, the system vibrates without any decay in motion. For the un-

derdamped system, the structure oscillates over time, with a frequency of vibration less than

the undamped system. The critically damped system possesses no vibration, and the system

returns to its equilibrium point in the shortest time. In the overdamped state, the system also

does not vibrate, but it takes longer to return to the equilibrium point. In Figure 3.2 it is ob-

served the free vibration response of the SDOF for the four damping ratio cases:
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Figure 3.2 – Free vibration response for different damping ratio values

Source: The author.

For structures subjected to harmonic excitation, the SDOF equation of motion takes

the following format:

mẍ + cẋ +kx = f cos(ω t ) (3.9)

It is useful to place Eq. (3.9) in the frequency domain, therefore:

−ω2m + jω c +k = F

X
(3.10)

Rearranging Eq. (3.10) and making the substitution c
m = 2ζωn , the frequency response

function of the SDOF is obtained:

∣∣∣∣ X

F

∣∣∣∣= ∣∣∣∣ 1

−ω2 +2 jζωωn +ω2
n

∣∣∣∣ (3.11)

The effect of the damping ratio is observed in the FRF of the SDOF in Figure 3.3:
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Figure 3.3 – Frequency response function of SDOF for various damping ratio levels

Source: The author.

From Figure 3.3 it is observed that the admittance level decreases as the damping ratio

increases, with its effect specially pronounced at the natural frequency ωn .

3.1.2 Viscous damping in Multiple Degree-of-Freedom

For a Multiple Degree-of-Freedom system (MDOF), the equation of motion of the vi-

brating structure with viscous damping is represented in Eq. (3.12) :

Mẍ+Cẋ+Kx = F(t ) (3.12)

The damping matrix C in the viscous damping model falls into two categories: pro-

portional and non-proportional damping, although the obtention of damping ratios is not

trivial in the latter case.

In order to properly address the characteristics of the damping matrix, it is useful to

place Eq. (3.12) in modal coordinates, where the set of coupled differential equations are

transformed into a set of independent equations. In this case, the modal matrixφ is obtained

such as the following relations in Eq. (3.13) are true:

φT Mφ= I

φT Kφ=Ω2
(3.13)

Where I is the identity matrix andΩ2 the matrix of natural frequencies of the undam-

ped structure. Using the modal coordinates transformation q (t ) = φz(t ) and the relations

in Eq. (3.13) in Eq. (3.12), the equations of motion in modal coordinates are shown in Eq.

(3.14):
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Iz̈+ C̄ż+Ω2z = F′(t ) (3.14)

Where C =φTCφ is the modal damping matrix and F′ (t ) the modal forcing function.

The modal damping matrix C will be useful to relate the damping constants of the structure

with the damping ratios.

3.1.3 Proportional viscous damping

The proportional damping model assumes that the damping matrix C is a linear com-

bination of the mass and stiffness matrix, represented by Eq. (3.15):

C =µ M+υ K (3.15)

In fact, the condition for proportional damping was obtained by Caughey and O’kelly

(1964), where it can be demonstrated that in order for a damping matrix to be proportional,

the following relation in Eq. (3.16) must be satisfied:

CM−1K = KM−1C (3.16)

The approximation obtained in Eq. (3.15) is called Classical Rayleigh Damping, and

it is widely used in structural damping modeling. The damping ratio obtained by µ and υ

coefficients is shown in Eq. (3.17):

ζi = 1

2
(
µ

ωi
+υωi ) (3.17)

From Eq. 3.17 it is noticed that the damping ratio related to the µ term is inversely

proportional to the frequency, whereas the damping ratio related to the υ term increases

linearly with the frequency. The plot shown in Figure 3.4 shows the contribution of each

term separately and combined:
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Figure 3.4 – Rayleigh Damping

Source: The author.

3.1.4 Non proportinal viscous damping

When the damping matrix C does not satisfy the relation in Eq. (3.16) it is no lon-

ger considered proportional. In this case, the structure possesses complex modes and the

damping ratios cannot be obtained by means of Eq. (3.17). However, using the assump-

tion that the system is lightly damped (ζi < 0.3)(LIANG; LEE, 1991), the off-diagonal terms of

the modal damping matrix in Eq. (3.14) are neglected, and the damping ratios are obtained

following Eq. (3.18):

ζi = c̄i i

2ωi
(3.18)

Where ci i are the diagonal elements of the modal damping matrix C derived in Eq.

(3.14).

3.2 Hysteretic damping

Hysteretic damping is characterized by material or structure inherent friction, leading

to a damping phenomenon regardless of frequency excitation. The equation of motion for

the SDOF with hysteretic damping shown in Figure 3.5 is given in Eq. (3.19):
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Figure 3.5 – SDOF with hysteretic damping

Source: The author.

mẍ +k∗x = F (t ) (3.19)

The stiffness in Eq. (3.19) is complex, with k∗ = k
(
1+ jη

)
. The real part represents the

static stiffness, whereas the imaginary part measures the hysteretic damping given by the

loss factor η. Notice that the hysteretic damping is proportional to the displacement rather

than velocity, as it is in the viscous damping model. It is also known that when the hysteretic

damping is modeled as an equivalent viscous damping model (BEARDS; MIOA, 1996), the

relation between the loss factor and the damping ratio at the local resonance is given in Eq.

(3.20):

ζ= η

2
(3.20)

By placing Eq. (3.19) in the frequency domain and rearranging it, the expression for

the admittance is given in Eq. (3.21):

∣∣∣∣ X

F

∣∣∣∣=
∣∣∣∣∣∣∣

1

k(1−
(
ω
ωn

)2 + jη)

∣∣∣∣∣∣∣ (3.21)

The effect of the loss factor in the FRF of the SDOF is shown in Figure 3.6:
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Figure 3.6 – Frequency Response Function of SDOF for various loss factor values

Source: The author.

It is noticeable in Figure 3.6 the attenuation of the admittance level in the resonant

frequency caused by hysteretic damping. Therefore, inherent friction of structures is an im-

portant factor that contributes to decrease the overall vibration level.

Since in materials or structures the stiffness and damping are often coupled (BEARDS;

MIOA, 1996), the elastic (and hence the shear) modulus is also represented by a complex

number, shown in Eq. (3.22):

E∗ = E
(
1+ jη

)
G∗ =G(1+ jη)

(3.22)

Therefore, the equation of motion with hysteretic damping for MDOF system is give

in Eq. (3.23):

Mẍ+K
(
1+ jη

)
x = F(t ) (3.23)

One key aspect of hysteretic damping is the frequency independent behavior. In this

case, the damping ratios of resonant modes in the MDOF system have the same values, re-

gardless of forcing frequency excitation.

3.3 Viscoelastic Damping

Viscoelastic materials (VEM) are capable of reducing vibration amplitude in structu-

res. The process of deforming the viscoelastic material leads to the loss of part of the vi-

bration energy due to viscous dissipation as heat (CHAKRABORTY; RATNA, 2020). Common
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applications of viscoelastic materials are in engine cushions, computer hard drives and com-

posite structures. In Figure 3.7 it is depicted a Fibre Reinforced Plastic Lightweight Structure

internally damped with a special viscoelastic material made of flexible thermoset resin to

damp frequencies between 50 - 2000 Hz. This structure is employed in the aerospace indus-

try:

Figure 3.7 – Fibre Reinforced Plastic Lightweight Structure internally damped with VEM

Source: (CHAKRABORTY; RATNA, 2020).

Viscoelastic materials possess a frequency and temperature dependent properties due

to the relaxation time of the molecules or chain segments. Considering the effect of fre-

quency and temperature, the viscoelastic material storage modulus E ′ and loss factor η are

divided into three distinct regions: glassy, transition and rubbery.

In the glassy region, the VEM storage modulus possesses its highest storage modulus

value and drops slightly when the temperature increases. As for the loss factor, its value

increases with temperature. Moving to the transition region, the VEM becomes soft and

drops its storage modulus value even further, whereas the loss factor achieves its maximum

value. Finally, in the rubbery region, the VEM acts like a very soft material, with minimum

storage modulus and loss factor value. These effects can be observed in Figure 3.8:

Figure 3.8 – Effect of temperature on storage modulus and loss factor of a viscoelastic material

Source: (BAZ, 2019).
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Moving to the frequency dependency, the viscoelastic behavior is the inverse of the

temperature. In Figure 3.9 this effect is observed:

Figure 3.9 – Effect of operating frequency on storage modulus and loss factor of a viscoelastic material

Source: (BAZ, 2019).

Classical viscoelastic material models are available in literature such as the Maxwell,

Kelvin-Voigt and Poynting-Thomson models. However, due to their simplicity, they do not

replicate the dynamic behavior of real VEMs. Currently, there are more powerful models

capable of reproducing VEMs dynamic characteristics, for instance, the Fractional Deriva-

tive Model (FD) (BAHRAINI et al., 2013), the Golla–Hughes–MacTavish (GHM) (FRISWELL;

INMAN; LAM, 1997) and the Generalized Maxwell Model (GMM) (IDESMAN; NIEKAMP;

STEIN, 2001) . A detailed description of the GMM is given, as it will be used over this dis-

sertation.

3.4 Generalized Maxwell Model

The behavior of a VEM can be modelled by the so-called Generalized Maxwell Model

(GMM). The GMM is currently used in various commercial finite element software, such as

Abaqus®, ANSYS® and COMSOL Multiphysics®.

The viscoelastic material elastic or shear modulus following the GMM is represented

in the frequency domain as:

E (s) = E0(1+
n∑

i=1

αiρi s

ρi s +1
) (3.24)

where E0 is the equilibrium modulus, αi the ith relative modulus and ρi the ith rela-

xation time.
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An illustration of the GMM implemented in a single degree of freedom spring-mass

system is given below. This method can be generalized to many degrees of freedom. The

steps below can be found in Baz (2019).

Starting with the equation of motion in the Laplace domain:

Ms2X (s)+K(s)X (s) = F(s) (3.25)

where M is the mass of the system, K is the stiffness of the VEM and F the force func-

tion. Introducing Eq. (3.24) in Eq. (3.25) gives:

Ms2X (s)+K
(
1+ αnρn s

ρn s +1

)
X (s) = F(s) (3.26)

Let Z(s) be defined as an internal variable such that:

Z = 1/ρn

s +1/ρn
X (3.27)

In the time domain, Eq. (3.27) takes the form below:

ż = 1

ρn
(x − z) (3.28)

Substituting Eq. (3.27) in Eq. (3.26) gives:

Ms2X (s)+KX (s)+Kαnρn sZ (s) = F(s) (3.29)

Moving Eq. (3.29) to the time domain and substituting Eq. (3.28) gives:

Mẍ+Kx+Kαn (x−z) = F(t ) (3.30)

Eqs. (3.30) and (3.28) are combined in matrix form:

[
M 0

0 0

](
ẍ

z̈

)
+

[
0 0

0 1

](
ẋ

ż

)
+

[
K(1+αn) −Kαn

−1/ρn 1/ρn

](
x

z

)
=

(
F(t )

0

)
(3.31)

Multiplying the second row of Eq. (3.31) by Kαnρn gives us a new system with sym-

metric matrices:

[
M 0

0 0

](
ẍ

z̈

)
+

[
0 0

0 Kαnρn

](
ẋ

ż

)
+

[
K(1+αn) −Kαn

−Kαn Kαn

](
x

z

)
=

(
F(t )

0

)
(3.32)
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The mass matrix of Eq. (3.32) is singular, hence the necessity of applying a static con-

densation method, such as Guyan reduction. After applying it, the internal variable z disap-

pears, thus leaving:

Mẍ+Kαnρn ẋ+Kx = F(t ) (3.33)

Observe that the system is damped by the terms K, αn and ρn , which represents the

VEM stiffness and parameters respectively. Thus, Eq. (3.33) is solved for x either via time or

frequency domain.

Without loss of generality, the multi degree of freedom can be obtained the same way

as for the single degree of freedom. Then:



Ms +Mv 0 0 · · · 0

0 0 0 · · · 0

0 0 0 · · · 0

· · · · · · · · · · · · · · ·
0 0 0 · · · 0





ẍ

z̈1

z̈2

· · ·
z̈n

+



0 0 0 · · · 0

0 Kvα1ρ1 0 · · · 0

0 0 Kvα2ρ2 · · · 0

· · · · · · · · · · · · · · ·
0 0 0 · · · Kvαnρn





ẋ

ż1

ż2

· · ·
żn

+


Ks +Kv (1+α1 +α2 + . . .+αn) −Kvα1 −Kvα2 · · · −Kvαn

−Kvα1 Kvα1 0 · · · 0

−Kvα2 0 Kvα2 · · · 0

· · · · · · · · · · · · · · ·
−Kvαn 0 0 · · · Kvαn





x

z1

z2

· · ·
zn



(3.34)

where M and K are the global mass and stiffness matrix, and αi and ρi the ith relative

and relaxation modulus respectively.

One important variable that affects the properties of the VEM is the form factor, which

depends on the material shape and size (KULIK; BOIKO, 2018). The form factor γ ranges

from zero to one and it influences the value of the elasticity modulus of the material sample.

In the work herein, two form factors will be used, one controlling the relative moduli nd the

other the relaxation time. In this case, Eq. (3.24) is modified to account for the form factor

terms, and thus Eq. (3.35) is obtained:

E (s) = E0(1+
n∑

i=1

γααiγρρi s

γρρi s +1
) (3.35)

where γα is the form factor associated with the relative moduli coefficients and γρ is

the form factor associated with the relaxation time coefficients. In this work the form factors

will be introduced to lower the natural damping of selected VEM so it can be possible to ob-

serve the influence of viscoelastic behavior on band gaps and pass bands. By not using the
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provided factors, the damping provided by VEM places the periodic structure in an overdam-

ped state, thus not being possible to observe the influence of viscoelasticity in the dispersion

curves and FRFs.
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Chapter 4

Results

In this chapter an investigation of dissipative effects in periodic structures will be pre-

sented. Such structures are going to be divided in two categories: discrete and continuous

periodic structures. It is of fundamental importance to first study discrete systems, as those

are used to gain an understanding of how the vibrating system behaves in a fundamental

level, and how the damping will influence the characteristic of these systems in terms of

FRF and dispersion diagrams. For instance, discrete systems are used in the modeling of the

quarter car suspension to gain insights of the vibration response of the car. Dynamic vibra-

tion absorbers are also modeled as discrete systems in order to obtain an understanding of

the vibration attenuation level of the structure where the absorber is inserted.

The conclusions obtained in discrete systems may also be applied to continuous sys-

tems, which in this case will be discretized by the finite element method, hence becoming in

practice a discrete multi degree-of-freedom system.

The introduction of a discrete system with its equation of motion is made, followed by

the calculation of pass bands and band gaps of the structure without damping. Thereafter,

the effect of each damping model is analyzed individually in the structure by applying several

damping ratio values, and their impact on pass bands and band gaps are discussed.

Finally, the same investigation is applied to the continuous systems. The structure is

discretized via the finite element method and the equations of motion are obtained, followed

by the FRF and dispersion curves. Next, it is implemented the damping models in these

structures to observe the effect in band gaps and pass bands.

The effects of the proportional viscous damping (PVD), non-proportional viscous dam-

ping (NPVD), hysteretic damping (HD) and viscoelastic damping (VD) models in pass bands

and band gaps are discussed for discrete and continuous mechanical systems. For the first

discrete system studied, a thorough analysis is carried out showing the development of the

non-proportional viscous damping model.
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4.1 Lumped mass spring damper system

The investigation of damping effects on discrete systems is carried out in this sec-

tion, represented by four different periodic structures configurations, two phononic crystals

(PC) and two metamaterials (MM). For each model, the equations of motion are derived

along with their matrix form, and the different damping models are applied, namely the

non-proportional viscous, proportional viscous, hysteretic damping and viscoelastic dam-

ping. For the sake of simplicity, the damping ratio is only applied to the first vibrating mode

of the unit cell under free-free boundary conditions for each configuration, and its effect

over the frequency response function of the last cell and the dispersion diagram is observed

along the periodic structure composed of ten unit cells. The mass, stiffness and damping

ratio parameters are listed in Table 4.1:

Table 4.1 – Parameter values for mass, stiffness and damping ratio.

Parameter Value Unit
m1, m2, m3 1, 10, 10 kg

k1, k2, k3, k4, kr 100000 N/m
ζ1 [0, 0.001, 0.01, 0.02] dimensionless

Source: The author.

The viscoelastic material parameters represented by the storage modulus, relative

moduli αi and relaxation time ρi are shown in Table 4.2, for a reference temperature of 20
oC.

Table 4.2 – VEM material parameters at 20 oC.

Parameter Value Unit
K (storage modulus) 0.18 MN/m

αi [4.6 x 10-1, 3.1 x 10-7, 1.8 x 10-7, 1 x 10-7, 3.7 x 10-8] dimensionless
ρi [3.1 x 10-1, 2.1 x 10-7, 1.2 x 10-7, 7.1 x 10-8, 2.6 x 10-8] seconds

Source: The author.

The increase in temperature shifts the storage modulus and loss factor curves. In this

case, new values for the relative moduli and relaxation time are calculated to fit the new

curves generated.

4.1.1 Case 1: Damped diatomic phononic crystal

The first case investigated is the damped diatomic phononic crystal. This phononic

crystal is well known in the literature as it represents the most basic periodic structure that

possess at least two band gap regions. In this case dampers will be added to the structure

and the damping models are applied in order to gain insights on what effects each damping

model may have in the location or width of band gaps and pass bands of this simple case.
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The mechanical system with its unit cell is depicted in Figure 4.1:

Figure 4.1 – a) Damped diatomic phononic crystal and b) Unit cell of the respective system

Source: The author.

The equation of motion for the unit cell of the damped diatomic phononic crystal is

given in Eq (4.1):

m1

2
q̈1 + c1

(
q̇1 − q̇2

)+k1
(
q1 −q2

)= f1

m2q̈2 + c1
(
q̇2 − q̇1

)+ c2
(
q̇2 − q̇3

)+k1
(
q2 −q1

)+k2
(
q2 −q3

)= f2

m1

2
q̈3 + c2

(
q̇2 − q̇3

)+k2
(
q2 −q3

)= f3

(4.1)

The mass, damping and stiffness matrix are derived from Eq. (4.1):

M =


m1
2 0 0

0 m2 0

0 0 m1
2

 , C =


c1 −c1 0

−c1 c1 + c2 −c2

0 −c2 c2

 , K =


k1 −k1 0

−k1 k1 +k2 −k2

0 −k2 k2

 (4.2)

The first analysis is conducted using non-proportional viscous damping (NPVD). With

the values provided in Table 4.1, this condition requires that KM−1C ̸= CM−1K, so careful

must be taken when selecting damping coefficient values which satisfy the non-proportionality

condition in Eq. (3.16).

In order to obtain the expression of the damping ratio, a numerical approach is fol-

lowed. The values of mass and stiffness from Table 4.1 are substituted in Eq. (4.2):

M =


0.5 0 0

0 10 0

0 0 0.5

 , K =


100000 −100000 0

−100000 200000 −100000

0 −100000 100000

 (4.3)

The eigenvalue problem to obtain the natural frequenciesω and eigenvectorsψ of the

undamped unit cell under free-free boundary conditions is solved using Eq. (4.4):

(
K−ω2M

)
[ψ] = 0 (4.4)
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The values of the natural frequencies ω and the eigenvectors ψ of the unit cell after

solving Eq. (4.4) via MATLAB® are given below in Eq. (4.5):

ω= [0, 447, 469] , ψ=


0.577 −0.707 0.705

0.577 0 −0.070

0.577 0.707 −0.705

 (4.5)

The modal matrix φ is obtained through the normalization of the mass matrix in Eq.

(3.13). Hence,φ is given by Eq. (4.6):

φ= ψ√
ψTMψ

=


0.301 −1 0.953

0.301 0 −0.095

0.301 1 0.953

 (4.6)

The modal damping matrix C is then obtained via Eq. (3.14):

C =φTCφ=


0 0 0

0 c1 + c2 1.05c2 −1.05c1

0 1.05c2 −1.05c1 1.1c1 +1.1c2

 (4.7)

Assuming light damping, the damping ratio expression of the unit cell for the first and

second vibrating mode is obtained using Eq. (3.18):

ζ1 = c11

2ω1
= c1 + c2

894
(4.8)

ζ2 = c22

2ω2
= 1.1(c1 + c2)

938
(4.9)

As it was stated earlier, care must be taken when selecting damping coefficient values

to satisfy the non-proportionality condition. Herein, c1 = 0.1 N s/m and c2 was calculated as

a function of ζ1, as it can be seen in Eq. (4.10). The damping ratio values were provided in

Table 4.1.

c2 = 894ζ1 − c1 (4.10)

The second analysis uses the proportional viscous damping (PVD) model. From Eq.

(2.2), the damping matrix is proportional to the stiffness matrix, which requires that C = υK,

where υ is the scalar proportional factor of the stiffness matrix from Eq. (3.15). For this case,

the damping ratio is defined as in Eq. (3.17). Notice that due to the non-diagonal terms

presented in the damping matrix it is not possible to obtain the scalar proportional factor
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µ of the mass matrix, and this fact holds true throughout this dissertation for all the other

periodic structures.

The third analysis applies the hysteretic damping (HD). In this situation the damping

matrix is ignored, and the stiffness matrix becomes complex, as it was stated in Eq. (3.19) and

Eq. (3.22). The damping ratio follows the formulation of equivalent viscous model, which ta-

kes place in Eq. (3.20). In this case, the loss factor η is chosen such that its value corresponds

to the damping ratio values defined in Table 4.1.

Using the damping models listed above, the FRF of the unit cell for different damping

models with different damping ratios are shown in Figure 4.2:

Figure 4.2 – FRF of unit cell of Case 1 for a) non viscous damping, b) viscous damping and c) hysteretic damping

Source: The author.

It is noticeable in Figure 4.2 that as the damping ratio increases, the amplitudes of

both resonances are attenuated until they merge into one single resonance. The FRF of the

periodic structure composed of ten cells is shown in Figure 4.3:
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Figure 4.3 – FRF of Case 1 composed of ten cells for a) non prop viscous damping, b) proportional viscous
damping and c) hysteretic damping

Source: The author.

The FRF in Figure 4.3 shows two band gaps regions located between 22-71 Hz and

74-150 Hz. As the damping ratio increases, the modes between the first and second band

gap are more attenuated compared to the modes before the first band gap region. There are

no apparent differences in width nor location of band gaps in the frequency range for the

current damping models.

In Figure 4.4 it is depicted the dispersion diagrams of the damped diatomic PC for

each damping model with several damping ratio values. The left side of Figure 4.4 shows the

attenuation factor diagram and the right side shows the phase constant for different dam-

ping models with various damping ratios:
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Figure 4.4 – Dispersion diagram of Case 1: a1) attenuation factor for NPVD, b1) attenuation factor for PVD, c1)
attenuation factor for HD, a2) phase constant for NPVD, b2) phase constant for PVD, c1) phase
constant for HD

Source: The author.

The dispersion diagram in Figure 4.4 shows that there are no pass bands when dam-

ping is introduced in the structure when looking at the attenuation factor plot. Moreover,

the values in the phase constant subplot do not reach the bounding values of the irreducible

Brillouin zone (zero and π) when the damping ratio increases, meaning that the phase diffe-

rence between adjacent unit cells are always between in or out-of phase. This attenuation is

more pronounced in the transition from the first to the second band gap.

Now the viscoelastic damping model is applied to the first case. Following Eq. (3.24),

the parameters that describe the VEM properties were listed in Table 4.2.

The form factors herein vary accordingly to obtain the desired damping ratio in the

first vibrating mode of the unit cell. In Figure 4.5 it is shown the master curves for different

levels of damping ratio at a temperature of 20 oC after applying different form factor values:
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Figure 4.5 – Master Curve of viscoelastic material at a temperature of 20 oC for various damping ratios

Source: The author.

It is observed in Figure 4.6 the FRF for different levels of damping ratio for three types

of damping models, namely the proportional viscous damping, the hysteretic damping and

the viscoelastic damping:

Figure 4.6 – FRF of Case 1 composed of ten cells for a) proportional viscous damping, b) hysteretic damping
and c) viscoelastic damping model

Source: The author.

Observing Figure 4.6, it is barely noticeable the difference between the viscoelastic

model applied in this case compared to the other damping models. The admittance level in



4.1. Lumped mass spring damper system 57

the FRF decreases as the damping ratio increases in the pass band regions and the band gaps

are not affected whatsoever.

In Figure 4.7 it is plotted the dispersion diagram for the three types of damping mo-

dels:

Figure 4.7 – Dispersion diagram of Case 1: a1) attenuation factor for PVD, b1) attenuation factor for HD, c1) at-
tenuation factor for VD, a2) phase constant for PVD, b2) phase constant for HD, c1) phase constant
for VD

Source: The author.

From Figure 4.7 the same conclusions are drawn when compared to other damping

models. The pass bands are eliminated and the bounding values of the phase constant are

no more reachable.

The effect of temperature in the VEM is studied herein. The form factor is obtained

such as to keep the damping ratio ζ= 0.02. The master curves of the VEM under the influence

of temperature variation are depicted in Figure 4.8:
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Figure 4.8 – Master curve of the material used in the viscoelastic damping model

Source: The author.

As seen in Figure 4.8, this VEM is characterized in the transition zone, as depicted in

Figure 3.8. As the temperature increases, the material softens and the loss factor achieves its

peak value before dropping with higher temperatures. Due to the selected form factor value,

the stiffness values do not increase within this frequency range of 0-150 Hz.

The temperature effect in the viscoelastic model in the FRF of the periodic structure

is observed in Figure 4.9:
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Figure 4.9 – FRF of Case 1 composed of ten cells for viscoelastic damping model with temperature effect

Source: The author.

It is observed in Figure 4.9 that the band gaps are shifted due to changes in stiffness,

as already demonstrated in the master curves of Figure 4.8. Moreover, it is also observed that

the damping ratio increases with frequency and temperature. Clearly, the resonant peak

at 75 Hz for the temperature of 70 oC is more attenuated compared to its counterparts at

different temperatures due to a higher loss factor, as depicted in Figure 4.8.

The dispersion diagram in Figure 4.10 corroborates the observations of the FRF. In

this case, it is observed that the attenuation factor and phase constant values were shifted

towards lower frequencies when the temperature increases.
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Figure 4.10 – Dispersion diagram of Case 1 composed of ten cells for viscoelastic damping model with tempe-
rature effect

Source: The author.

Following all the results of applying different damping models to Case 1, it could be

seen that the band gaps do not change their width or location when applying different dam-

ping models with varying damping ratio. However, the pass bands get attenuated regardless

of the damping model applied. The type of damping model applied did not influence the

attenuation level in the pass bands region.

When applying the viscoelastic damping model with temperature-frequency effect it

could be observed the shift in band gaps and pass bands when increasing the temperature.

As it was commented earlier, this behavior happens due to the shift in stiffness values with

frequency and temperature, hence modifying the location and also the attenuation in the

band gaps.

4.1.2 Case 2: Damped diatomic phononic crystal with grounded masses

The second case investigated is a damped diatomic phononic crystal with grounded

masses, representing, for instance, a periodic structure with periodic foundations. The goal

of using this topology is to observe how the masses attached to grounded springs and dam-

pers will contribute in the band gaps and pass bands in terms of attenuation. The topology

of the system and its unit cell is depicted in Figure 4.11:
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Figure 4.11 – a) Periodic structure of Case 2 and b) Unit cell

Source: The author.

The equations of motion for the unit cell are given below:

m1

2
q̈1 + (c1 + c2) q̇1 − c2q̇2 + (k1 +k2) q1 −k2q2 = f1

m2q̈2 − c2q̇1 + (c2 + c3 + c4) q̇2 − c4q̇3 −k2q1 + (k2 +k3 +k4) q2 −k4q3 = f2

m1

2
q̈3 − c2q̇2 + c2q̇3 −k2q2 +k2q3 = f3

(4.11)

Following the steps of section 2.1, it is useful to place Eq. (4.11) in matrix form:

M =


m1
2 0 0

0 m2 0

0 0 m1
2

 ,C =


c1 + c2 −c2 0

−c2 c2 + c3 + c4 −c4

0 −c2 c2

 , K =


k1 +k2 −k2 0

−k2 k2 +k3 +k4 −k4

0 −k2 k2


(4.12)

The damping matrix C in the second case is also non-proportional, as KM−1C ̸=
CM−1K. Using the modal coordinates approach along with the light damping assumption

to obtain the damping ratio values, the following damping ratio expression is obtained for

the first vibrating mode of the unit cell:

ζ1 = 0.0251c1 + 0.0217c2 + 0.0933c3 + 5.34E −4c4

2ω1
(4.13)

It is observed in Eq. (4.13) that the damping ratio is a function of several damping

coefficients, and that several combinations of their values would lead to the same damping
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ratio at the first resonant frequency of the unit cell. Then, for the analysis of the second case,

it was chosen c1 = c2 = c4 = 1 N s/m and thus, c3 is calculated in function of the damping

ratio values provided in Table 4.1.(4.1).

The FRF of the unit cell and the periodic structure for different damping models and

various damping ratios are plotted respectively in Figure 4.12 and Figure 4.13:

Figure 4.12 – FRF of the unit cell for different damping ratios, a) non prop viscous damping, b) proportional
viscous damping and c) hysteretic damping

Source: The author.

Figure 4.13 – FRF of the unit cell for different damping ratios, a) non prop viscous damping, b) proportional
viscous damping and c) hysteretic damping

Source: The author.
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In Figure 4.13, three distinct band gap intervals are detectable: 0-19 Hz, 27-87 Hz and

89 Hz and above. An interesting phenomenon is the band gap merging caused by damping

the first mode of the periodic structure. As the damping ratio increases, the admittance level

located between the first and second band gap intervals decreases. The proportional dam-

ping greatly attenuates the resonant modes between 80-100 Hz, followed by the hysteretic

damping. The non-proportional viscous attenuates the resonant modes in this frequency

range only by a small amount. It can be observed resonant modes inside band gaps, one

located approximately at 75 Hz and the second one at 103 Hz. These resonant modes are

attenuated as the damping ratio increases, regardless of the damping model utilized. The-

refore, it is a good strategy to add damping to periodic structures when resonant modes are

present inside band gaps, as it will reduce the vibrational amplitude if the structure is sub-

mitted to harmonic forces of the same resonance frequency located inside the band gaps.

The dispersion diagrams of the periodic structure for different damping ratio values

and damping models are depicted in Figure 4.14:

Figure 4.14 – Dispersion diagram of Case 1: a1) attenuation factor for NPVD, b1) attenuation factor for PVD, c1)
attenuation factor for HD, a2) phase constant for NPVD, b2) phase constant for PVD, c1) phase
constant for HD

Source: The author.

Similar to Case 1, adding damping to the periodic structure contributes to attenuate

the vibration levels where the pass bands are located, as it is seen in Figure 4.14. The band

gap merging phenomenon is observed for the proportional damping in Figure 4.14 b1) when

ζ= 0.02. This phenomenon could also be observed for the hysteretic damping if an increased

damping ratio value were used. The non-proportional viscous damping shows almost no
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modification in the attenuation factor values regardless of damping ratio values.

The phase constant values located in the transition zones between the pass bands

and band gaps also do not reach the bounding values zero or π values, meaning that in these

frequencies the adjacent unit cells of the periodic structure are never in or out of phase re-

garding each unit cell. The phase constant of the periodic structure using the proportional

viscous damping model presents a great variation in its value for frequency range of 75-150

Hz as the damping ratio increases. For instance, when no damping ratio is applied, β = 0,

and for ζ= 0.02, β= 0.9 for a frequency value of 110 Hz. This is related to the higher amount

of damping in this frequency range that the model presents as compared to the others. No-

tice that for the non-proportional viscous damping the phase constant value is almost the

same regardless of damping ratio.

Moving to the viscoelastic damping model, the FRF of the viscoelastic damping model

for Case 2 is compared against the proportional viscous and hysteretic damping for several

damping ratio values, which are depicted Figure 4.15:

Figure 4.15 – FRF of Case 2 composed of ten cells for a) proportional viscous damping, b) hysteretic damping
and c) viscoelastic damping model

Source: The author.

As observed in Figure 4.15 c), the FRF of the viscoleastic damping model looks similar

to the hysteretic damping model in in 4.15 b) due to similar loss factor values across the

frequencies of the viscoelastic case. The proportional viscous damping follows this behavior

until reaching the frequency range of 82 - 95 Hz. When entering the third band gap region,

this damping model possess similar values compared to the other two.
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The dispersion diagram of Case 2 including the viscoelastic damping model is shown

in Figure 4.16:

Figure 4.16 – Dispersion diagram of Case 2: a1) attenuation factor for PVD b1) attenuation factor for HD, c1)
attenuation factor for VD, a2) phase constant for PVD, b2) phase constant for HD, c1) phase cons-
tant for VD

Source: The author.

The dispersion diagram in Figure 4.16 is in accordance with the FRF results obtained

in Figure 4.15. The hysteretic and viscoelastic damping models possess similar values both

in attenuation factor and phase constant across all the frequencies studied. The proportio-

nal viscous damping differs from the other models starting from 82 Hz, where it can be seen

a high attenuation factor value between 82 - 95 Hz. As for the phase constant, both hyste-

retic and viscoelastic damping present similar values across all the frequencies. The phase

constant of the proportional viscous damping diverges from the other models mentioned,

with β = 0.9 for frequencies above 95 Hz, whereas the other models have β = 0.2 also for

frequencies above 95 Hz.

Finally, the effect of temperature in the FRF of Case 2 is shown in Figure 4.17:
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Figure 4.17 – FRF of Case 2 composed of ten cells for viscoelastic damping model with temperature effect

Source: The author.

As in Figure 4.9, the band gaps in Figure 4.17 are shifted when the temperature de-

creases due to increased stiffness at low temperatures. This effect was also observed in Case

1, where the FRF was shifted to lower frequencies as the temperature increases. Since the

loss factor is high at elevated temperature, it is observed the smoothing of resonant peaks at

increased temperature.

The dispersion diagram with the temperature effect is shown in Figure 4.18:

Figure 4.18 – Dispersion diagram of Case 2 for viscoelastic damping model with temperature effect

Source: The author.
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Once again, the dispersion diagram of Figure 4.18 corroborates the FRF in Figure 4.17.

It is observed the shift in the attenuation factor and in the phase constant plots. Moreover,

the attenuation factor increases with temperature, which was expected due to the higher loss

factor presented in the master curves in Figure 4.8 at higher frequencies and temperatures.

From all the results obtained above, the followings comments are made. First, it could

be observed a new band gap region at low frequency, this being a contribution from the

grounded springs and dampers attached to the masses. As for the effect of damping mo-

dels, as opposed to Case 1, it was observed different level of attenuation in the pass bands

when varying the damping ratios. The proportional viscous damping presented a high level

of attenuation in the second pass band region, leading to a band gap merging phenomenon

between the second and third band gap region. The hysteretic damping also provided some

level of attenuation in the second pass band region. The viscoelastic damping model pro-

vided similar level of attenuation compared to hysteretic damping in the second pass band

region when varying the damping ratio. When using the frequency-temperature effect on

the viscoelastic material, similar results were obtained as in Case 1, where the band gaps

and pass bands are shifted, and the attenuation in pass bands increases with temperature.

4.1.3 Case 3: Damped monoatomic metamaterial

The third case investigated is a damped monoatomic metamaterial. In this case, this

is the classical vibration absorber system, with an absorber mass attached to the periodic

structure. This topology generates the classical local resonance at low frequencies in perio-

dic structures. Herein, the contribution of adding dampers to the resonant masses and their

effect in band gaps and pass bands is investigated. The system along with its unit cell is

depicted in Figure 4.19:

Figure 4.19 – FRF of the unit cell for different damping ratios, a) non prop viscous damping, b) proportional
viscous damping and c) hysteretic damping

Source: The author.
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The equations of motion for the unit cell are:

m1

2
q̈1 + cr

(
q̇1 − q̇2

)+k1
(
q1 −q3

)+kr
(
q1 −q2

)= f1

mr q̈2 + cr
(
q̇2 − q̇1

)+kr
(
q2 −q1

)= f2

m1

2
q̈3 +k1

(
q3 −q1

)= f3

(4.14)

Placing Eq. 4.14 in matrix form, the mass, damping and stiffness matrix are obtained:

M =


m1
2 0 0

0 mr 0

0 0 m1
2

 ,C =


cr −cr 0

−cr cr 0

0 0 0

 ,K =


k1 +kr −kr −k1

−kr kr 0

−k1 0 k1

 (4.15)

Unlike the previous cases, it can be seen in Eq 4.15 that there is no way to build a

damping matrix proportional to the stiffness matrix. In this manner, only non-proportional

viscous and hysteretic damping analysis will be available in this section.

The damping ratio expression for the first vibrating mode is:

ζ1 = 0.597cr

2ω1
(4.16)

The FRF for the unit cell and periodic structure using different damping models and

damping ratios are shown in Figure 4.20 and Figure 4.21:

Figure 4.20 – FRF of the unit cell for different damping ratios: a) non-proportional viscous damping and b)
hysteretic damping

Source: The author.
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Figure 4.21 – FRF of Case 3 for: a) non-proportional viscous damping and b) hysteretic damping

Source: The author.

In Figure 4.21 the band gap due to a local resonance is found at the frequency value of

approximately 15.9 Hz. The damping ratio contributes to lower the admittance level in that

band gap region, thus it is not convenient to add a damper in the resonant mass if the in-

tention is to lower the vibration amplitude of the periodic structure. Moreover, it is observed

that hysteretic damping provides more attenuation in the local resonance. This is explained

by the fact that the damping ratio values for all resonant frequencies are the same, regar-

dless of excitation frequency, as observed in Eq. 3.20, whereas viscous damping ratio values

increases proportionally with frequency, as in Eqs. 3.17 and 3.18.

The dispersion diagram of the damped monoatomic MM is illustrated in Figure 4.22:
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Figure 4.22 – Dispersion diagram of Case 3 for: a) non-proportional viscous damping and b) hysteretic dam-
ping

Source: The author.

The dispersion diagram in Figure 4.22 shows the attenuation factor being reduced at

the frequency range of approximately 16 Hz when the damping ratio is increased, corrobo-

rating the FRF in Figure 4.21. The phase constant value for both damping models did not

change too much, excep in the resonance frequency of 16 Hz where it is observed a lower

phase constant value of the hysteretic damping compared to the non-proportional viscous

damping.

Lastly, we incorporate the viscoelastic damping model in case 3. In Figure 4.23 it

is plotted the FRF of the periodic structure using the non-proportional viscous damping

(NPVD) , hysteretic damping (HD) and viscoelastic damping model (VD).
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Figure 4.23 – FRF of Case 3 for: a1) attenuation factor for NPVD b1) attenuation factor for HD, c1) attenuation
factor for VD, a2) phase constant for PVD, b2) phase constant for HD, c1) phase constant for VD

Source: The author.

The admittance level of the periodic structure using the viscoelastic damping model

in Figure 4.23 c) is similar to the NPVD in Figure 4.23 a) at the resonant frequency of 16 Hz,

whereas the hysteretic damping model in Figure 4.23 b) has the highest admittance level

compared to the other models.

The dispersion diagram with the viscoelastic damping model is shown in Figure 4.24:

Figure 4.24 – Dispersion diagram of Case 3: a1) attenuation factor for NPVD b1) attenuation factor for HD,
c1) attenuation factor for VD, a2) phase constant for PVD, b2) phase constant for HD, c1) phase
constant for VD

Source: The author.

From Figure 4.24 it is observed the similarities in the magnitude of the attenuation

factor of the NPVD and VD, corroborating the FRF of the periodic structure in 4.23.
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Finally, the effect of temperature in the periodic structure for Case 3 is depicted in

Figure 4.25, showing the FRF of the periodic structure.

Figure 4.25 – FRF of Case 3 composed of ten cells for viscoelastic damping model with temperature effect

Source: The author.

Observing Figure 4.25, it is noticed that the local resonance around the frequency of

16 Hz attains its minimum value at a temperature of 70 oC, and its maximum value at a

temperature of 60 oC rather than 20 oC, even though the loss factor decreases with tempe-

rature. In this case, there is a tradeoff between the stiffness and loss factor. The loss factor

is predominant for the behavior of the local resonance peak at 70 oC whereas the stiffness

is dominant at the temperature of 60 oC and below, meaning that the local resonance de-

creases as the stiffness of the VEM increases with lower temperatures, as seen in Figure 4.8.

Moreover, it is observed a shift in the band gap with its origin at the frequency of 100 Hz at

70 oC. As the temperature decreases, this band gap is shifted to higher frequencies. In Figure

4.26 it is shown the dispersion diagram of the periodic structure of Case 3:
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Figure 4.26 – Dispersion diagram of Case 3 for viscoelastic damping model with temperature effect

Source: The author.

Similarly to what was obtained in the FRF of Figure 4.25, it is observed that the at-

tenuation factor value at 16 Hz decreases with temperature in the dispersion diagram. It is

also noticed the shift in band gaps to lower frequencies as the temperature increases. Same

conclusions are obtained for the phase constant in the dispersion diagram.

It could be observed that the local resonance is affected when applying different dam-

ping models. The hysteretic damping did attenuate the local resonance compared to the

non-proportional viscous damping. Both damping models also attenuate the resonant pe-

aks, and no effects on band gaps related to shifting or band gap merging was observed. The

viscoelastic damping model has also attenuated the local resonance, with results similar

to the other damping models. When introducing the frequency-temperature dependency,

shifts in band gaps were observed at higher frequencies, and a minimal level of attenuation

was observed in the local resonance, with a slightly shift of the local resonance when increa-

sing the temperature.

4.1.4 Case 4: Damped monoatomic metamaterial with damped mass chain

The last case is a damped monoatomic metamaterial with damped mass chain. This

system is similar to Case 3, except that there are dampers attached to the main mass chain,

and so the contribution of these dampers are investigated herein. The system topology and

its unit cell are represented in Figure 4.27 a) and b):
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Figure 4.27 – FRF of the unit cell for different damping ratios, a) non prop viscous damping, b) proportional
viscous damping and c) hysteretic damping

Source: The author.

The equations of motion for the unit cell are given in Eq. (4.17):

m1

2
q̈1 + c1

(
q̇1 − q̇3

)+ cr
(
q̇1 − q̇2

)+k1
(
q1 −q3

)+kr
(
q1 −q2

)= f1

mr q̈2 + cr
(
q̇2 − q̇1

)+kr
(
q2 −q1

)= f2

m1

2
q̈3 + c1

(
q̇3 − q̇1

)+k1
(
q3 −q1

)= f3

(4.17)

Next, the mass, damping and stiffness matrix are obtained from Eq. (4.17):

M =


m1
2 0 0

0 mr 0

0 0 m1
2

 ,C =


c1 + cr −cr −c1

−cr cr 0

−c1 0 c1

 ,K =


k1 +kr −kr −k1

−kr kr 0

−k1 0 k1

 (4.18)

The expression for the damping ratio of the first vibrating mode of the unit cell is

shown below:

ζ1 = 0.239c1 + 0.597cr

2ω1
(4.19)

In this case, Eq. (4.19) shows that the damper of the resonant mass has more influence

in the overall damping of the unit cell, as its coefficient is greater than the damper between

the two masses.

For the FRF of the unit cell and periodic structure, the damper value between the two

masses is set to c1 = 1, thus cr is calculated from chosen ζ values. Figure 4.28 and Figure 4.29

show the FRF of the unit cell and the periodic structure respectively:
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Figure 4.28 – FRF of the unit cell for different damping ratios, a) non prop viscous damping, b) proportional
viscous damping and c) hysteretic damping

Source: The author.

Figure 4.29 – FRF of the periodic structure composed of ten unit cells in Case 4 for: a) non prop viscous dam-
ping, b) proportional viscous damping and c) hysteretic damping

Source: The author.

The results expressed in the FRF plots above are similar to those obtained in section
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4.1.3. The addition of a damper between the main masses of the unit cell did not affect the

local resonance located at 16 Hz. Similar to Case 3, the increasing in the damping ratio value

drives the local resonance to lower admittance level, hence helping elastic wave propagation

along the structure. In Figure 4.30 the dispersion diagram is depicted, corroborating the FRF

plots:

Figure 4.30 – Dispersion diagram of Case 1: a1) attenuation factor for NPVD, b1) attenuation factor for PVD, c1)
attenuation factor for HD, a2) phase constant for NPVD, b2) phase constant for PVD, c1) phase
constant for HD

Source: The author.

The results for the dispersion curves depicted in Figure 4.30 is similar to those in Fi-

gure 4.22. The attenuation factor value around the local resonance frequency decreases as

the damping ratio varies upward. The insertion of dampers in the main chain doesn’t seem

to affect the overall behavior of the wave propagation across the structure. Moreover, it can

be seen in phase constant diagram the IBZ values not reaching its bounding values.

Next, it is compared the FRF of the periodic structure using the viscoelastic damping

model against the proportional and hysteretic model. In Figure 4.31 it is shown such com-

parison:
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Figure 4.31 – FRF of Case 4 composed of ten cells for a) proportional viscous damping, b) hysteretic damping
and c) viscoelastic damping model

Source: The author.

The local resonance of the periodic structure using the viscoelastic damping model in

Figure 4.31 c) is similar to that of the proportional damping model in Figure 4.31 a) due to

similar loss factor value around the frequency of 16 Hz. Since the loss factor of the hysteretic

damping model is greater than the other damping models, the local resonance admittance

value around that frequency is smaller.

The dispersion diagram of Case 4 for the proportional, hysteretic and viscoelastic

damping models is shown in Figure 4.32:

Figure 4.32 – Dispersion diagram of Case 4: a1) attenuation factor for PVD b1) attenuation factor for HD, c1)
attenuation factor for VD, a2) phase constant for PVD, b2) phase constant for HD, c1) phase cons-
tant for VD for different damping ratios

Source: The author.
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Observing Figure 4.32 b1) it is noticed the attenuation factor of the hysteretic damping

model around the frequency of 16 Hz possessing a smaller value when compared to the other

damping models, hence validating the FRF obtained in Figure 4.31.

The influence of temperature in the viscoelastic model for the FRF of the periodic

structure of Case 4 is shown in Figure 4.33:

Figure 4.33 – FRF of Case 4 composed of ten cells for viscoelastic damping model with temperature effect

Source: The author.

It can be noticed in Figure 4.33 the shift in band gap starting from 100 Hz for higher

temperatures. Interestingly, the temperature does not affect the location of resonance around

16 Hz. The width of the local resonance band gap is slightly increases with temperature. Re-

garding the peak value of the local resonance, the same conclusions drawn from Case 3 can

be applied here, where there is a tradeoff between loss factor and VEM stiffness. The disper-

sion diagram of the unit cell of Case 4 is shown in Figure 4.34:

Figure 4.34 – Dispersion diagram of Case 4 for viscoelastic damping model with temperature effect

Source: The author.
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The dispersion diagram of Figure 4.34 contain shifts in the attenuation factor and

phase constant as the temperature increases, especially in higher frequencies, hence vali-

dating the FRF obtained in Figure 4.33.

It is not clear the contribution of the dampers to the periodic mass chain in Case

4. The results in terms of attenuation of band gaps and pass bands are similar to Case 3.

With the addition of these dampers, it was possible to construct a stiffness proportional

damping matrix, enabling the study of proportional viscous damping in this structure. No-

netheless, results between proportional and non-proportional viscous damping looks simi-

lar. Using viscoelastic damping model with frequency-temperature dependency, the shifts in

band gaps to higher frequencies could be observed when increasing the temperature, similar

to Case 3.

To summarize the results of this section, the following observations are made:

• Regardless of damping model, those contribute to the attenuation of pass bands, whe-

reas the band gaps do not change in width nor location, except when using the visco-

elastic damping model with frequency-temperature effect.

• With a minimal level of damping, the phase constant does not reach the bounding

values zero or π, meaning that the phase difference of adjacent unit cells motion will

never stay totally in or out of phase.

• Adding damping to the resonant masses in metamaterials contribute to lower the level

of vibration attenuation. In this case, it is not ideal to add dampers, as it does not

contribute to decrease the overall vibration in the structure.

• The viscoelastic damping model with frequency-temperature effect shifts the location

of band gaps. Moreover, it also contributes to the attenuation of pass bands when

subjected to higher temperatures. However, in reality, these effects will vary depending

on the viscoelastic material utilized in the structure.

4.2 Damping modeling in periodic continuous systems

In this section the investigation of dissipative effects will take place in continuous sys-

tems, namely composite rods and sandwich beams, which are common periodic structu-

res employed in mechanical systems to increase vibration attenuation. The finite element

method will be employed to obtain the mass matrix and stiffness matrix of these systems.

These matrices are required in the transfer matrix method to obtain the dispersion diagrams,

as already shown in section 2.1.

For each system, different damping models will be applied similar to those in section

4.1 and the results in terms of FRF and dispersion diagrams are obtained. For the viscoelastic
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damping model in particular, the effect of temperature in FRF and dispersion diagram is also

investigated.

The proportional viscous damping is modeled by using the stiffness matrix factor υ

previously shown in Eq. (3.15). In this case, the damping ratio ζ is obtained by adjusting the

υ values.

The hysteretic damping is modeled by introducing the loss factor η, as in Eq. (3.20).

The damping ratio ζ is given by adjusting the values of η.

Lastly, the viscoelastic damping is modeled via the Generalized Maxwell Model dis-

cussed in section 3.4. The damping ratio is obtained by adjusting the form factors γα and γρ

of the viscoelastic material.

4.2.1 Periodic Composite Rods

A rod is a slender member that supports only axial loads (DOYLE, 1991), and it is one

of simplest components to model frames and trusses, being commonly found in periodic

structures. Using the combination of a harder and softer material, it is possible to create

mechanical impedance mismatches, leading to the formation of band gaps in the structure.

This section will cover the influence of the damping models in band gaps and pass bands of

composite rods. The next section will introduce the equations of motion of the composite

rod using the finite element method.

4.2.1.1 Finite element modeling of rod

Consider the following rod element in Figure 4.35 with its degrees of freedom:

Figure 4.35 – Rod element

Source: (RAO, 2017).

The axial displacement of the rod is given by Eq. (4.20):

u(x, t ) = N1(x)u1(t )+N2(x)u2(t ) (4.20)
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where the shape functions N1 and N2 are:

N1(x) = (1− x

l
)

N2(x) = x

l

(4.21)

The strain energy of the rod element is given by:

V (t ) =
∫ l

0
E A

{
∂u(x, t )

∂x

}2

d x = 1

2

E A

l
(u2

1 −2u1u2 +u2
2) (4.22)

Defining:

u (t ) =
[

u1 (t )

u2 (t )

]
(4.23)

and by placing Eq. (4.22) in matrix form as:

V (t ) = 1

2
u(t )T [K]u(t ) (4.24)

it can be seen that the stiffness matrix K is:

K = E A

L

[
1 −1

−1 1

]
(4.25)

As for the mass matrix, the kinetic energy of the rod element:

T (t ) = 1

2

∫ l

0
ρA

{
∂u (x, t )

∂x

}2

d x = 1

2

ρAl

3
(u̇1

2 + u̇1u̇2 + u̇2) (4.26)

By placing Eq. (4.26) in matrix form we obtain:

T (t ) = 1

2
u̇(t )T [M ]u(t ) (4.27)

The mass matrix M is readily available from Eq. (4.27):

M = ρAL

2

[
1 0

0 1

]
(4.28)

The stiffness and mass matrices are used for the elastic and viscoelastic materials. In

the next section, results for FRF and dispersion diagram of the composite rod are presented.
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4.2.1.2 Results for periodic composite rod

In the work herein, the composite rod is composed of aluminum and the viscoelastic

material ISD 112. In Figure 4.36 it is shown the composite rod structure:

Figure 4.36 – a) Composite rod composed of aluminum (green) and viscoelastic material (cyan) and b) Unit cell
of composite rod

Source: The author.

The unit cell of the composite rod will be divided into twenty rod elements. For the

unit cell of the composite rod, the dimensions and material parameters are listed in the table

below:

Table 4.3 – Periodic composite rod material parameters at 24 oC.

Parameter Value Unit
E aluminum 70 GPa

E ISD112 1.28 MPa
Laluminum 0.05 m

LISD112 0.05 m
Aaluminum 0.001 m2

AISD112 0.001 m2

d aluminum 2700 kg/m3

d ISD112 1000 kg/m3

ρi [9.1 x 10-5, 1.6 x 10-3, 7.2 x 10-3, 8.4 x 10-1, 9.4 x 10-1] s
αi [13.2, 1.2, 0.2, 0.05, 0.02] dimensionless

Source: The author.

where E is the elastic modulus, L is the length, d is the material density, A is the cross-

sectional area, ρi is the relaxation time andαi is the relative moduli of ISD 112 at a reference

temperature of 24 oC.

The results of three damping models are retrieved. The damping ratio values are ob-

tained for each damping model and the differences are observed. Similarly to what was done

in section 4.1, the damping ratio is only applied to the first vibrating mode of the unit cell un-

der free free boundary conditions, and its effect over the FRF of the last cell and dispersion

diagram is observed along the periodic structure composed of ten unit cells.

The master curves of the viscoelastic material for various damping ratio are plotted in
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Figure 4.37:

Figure 4.37 – Storage modulus and loss factor for several damping ratio values

Source: The author.

In Figure 4.38 below the FRF response of the composite rod is depicted for the three

damping models:

Figure 4.38 – FRF of composite rod for: a) proportional viscous damping, b) hysteretic damping and c) viscoe-
lastic damping

Source: The author.

In Figure 4.38 a) it is observed the FRF using the proportional viscous damping. It is

noticed the attenuation of the resonant peaks as the damping ratio values increase. Also, it
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is observed that the band gaps do not change in width nor location in the frequency range.

The hysteretic damping model in Figure 4.38 b) possess similar FRF results compa-

red to viscous proportional damping in Figure 4.38 a). Since the damping ratio is the same

across all resonant peaks, the attenuation response in higher frequencies is less aggressive

compared to the proportional viscous damping.

The viscoelastic damping model in Figure 4.38 c) presents similar results compared

to the other damping models. For frequencies above 300 Hz it is noticed that the damping is

increased. This fact can be explained by looking at the loss factor plot in Figure 4.37, where

the loss factor increases linearly with frequency for non-null damping ratio. The band gaps

are also located in the same frequency range regardless of damping ratio value. The storage

modulus does not vary too much in the frequency range studied, hence the band gaps width

or location in the frequency range are not affected.

The dispersion diagram of all three damping models of the periodic composite rod is

shown in Figure 4.39:

Figure 4.39 – Dispersion diagram of composite rod for: a1) attenuation factor for proportional viscous dam-
ping, b1) phase constant for proportional viscous damping, a2) attenuation factor for hysteretic
damping, b2) phase constant for hysteretic damping, c1) attenuation factor for viscoelastic dam-
ping, c2) phase constant for viscoelastic damping

Source: The author.

The dispersion diagram in Figure 4.39 corroborates the FRF of the composite rod ob-

tained in Figure 4.38. Notice the increased attenuation in the passband region of 350-410 Hz

of the viscoelastic damping model in Figure 4.38 c1).
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4.2.1.3 Temperature dependency of viscoelastic damping model

In this subsection the effect of temperature on the viscoelastic material is investigated.

In the previous section a temperature value of 24 oC was selected to compare the different

damping models. Herein, a temperature range of -23 to 77 oC is selected, and the effect of

temperature dependency in FRF and dispersion diagram is investigated. The form factor of

the viscoelastic material is hold constant.

In Figure 4.40 it is depicted the storage modulus and loss factor varying with tempe-

rature:

Figure 4.40 – Storage Modulus and Loss Factor for viscoelastic material

Source: The author.

It is shown in Figure 4.40 that the material storage modulus possess high stiffness and

loss factor at low temperatures. It is noticed that the loss factor at the temperature of -23 oC

is greater than 24 oC and 77 oC. Hence, as the temperature increases the storage modulus

decreases and the loss factor increases its values.

In Figure 4.41 it is observed the effect of temperature in the FRF of the periodic com-

posite rod:
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Figure 4.41 – FRF of periodic composite rod subjected to different temperature range

Source: The author.

The FRF of the composite rod in Figure 4.41 shows a shift in the band gaps previously

located at the starting frequencies of 130 and 400 Hz. At the temperature of -23 oC, the visco-

elastic material possess high storage modulus and loss factor compared to the temperatures

of 24 oC and 77 oC, as seen in Figure 4.40. Hence, it is observed a shift in the band gaps

towards the lower frequencies as the temperature decreases, as well as more damping due

to higher loss factor at low temperatures for this particular material. This fact demonstrates

the complex behavior of viscoelastic materials under different temperature and operating

frequency, posing a challenge when designing periodic structures with viscoelastic materi-

als. On the other hand, it also implies the control of band gaps location by adjusting the

temperature where the composite rod is currently operating.

The dispersion diagram of the composite rod under different temperatures is depicted

in Figure 4.42:
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Figure 4.42 – Dispersion diagram of periodic composite rod subjected to different temperature range

Source: The author.

The dispersion diagram in Figure 4.42 clearly shows the shift in band gaps from right

to left as the temperature decreases. Moreover, the effect of the loss factor of is more pro-

nounced at the temperature of -23 oC, where the pass bands are highly attenuated.

The following observations for the sandwich rod are:

• The damping models applied to the sandwich rod did not influence the location nor

width of band gaps, except when using the frequency-temperature dependency of the

viscoelastic material.

• Similar to the case of discrete systems, the damping models influence the level of atte-

nuation of pass bands.

• The viscoelastic damping model provided more attenuation at higher frequencies, fol-

lowed by the proportional viscous damping. This high level of attenuation leads to the

formation of the band gap merging phenomenon.

• In the case of rod, it is sufficient to study band gaps using the discrete system cases, as

the results obtained herein are similar, especially when comparing to Case 1 and 2.

4.2.2 Periodic Sandwich Beam

Sandwich beams are widely used in automotive, marine, civil and other high perfor-

mance structures due to their specific strength and stiffness, fatigue resistance and other su-

perior properties compared to conventional metallic structures (PRASAD et al., 2014). The

sandwich beam is composed of two face sheets with high strength and middle core with low
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strength and low density (GUO; SHENG; PAN, 2017). These structures may vibrate easily

due to their low weight, causing noise problems and suffering from fatigue due to increa-

sed vibration. However, since periodic structures are able to filter elastic waves over a range

of frequencies, the concept will be applied herein. For instance, Badran, Tawfik and Negm

(2008) studied different configurations of middle core in the sandwich beam, namely, a ho-

mogeneous soft middle core, a homogeneous middle hard core, and a periodic configuration

of soft and hard core using six unit cells. In Figure 4.43 it is shown the FRF of the sandwich

beam for each configuration:

Figure 4.43 – FRF of sandwich beam for different configurations of material middle core

Source: (BADRAN; TAWFIK; NEGM, 2008).

It can be seen that adding material periodicity in the middle core create two band gap

regions between 1500 - 2200 Hz and 7000 - 8000 Hz, thus demonstrating the advantage of

using periodicity for filtering elastic wave propagation.

In this subsection, two different types of materials will be used in the sandwich beam

core, allowing band gaps to occur. Different damping models applied to the core materials

are investigated, namely the proportional viscous damping, hysteretic damping and visco-

elastic damping. The next subsection will cover the development of the sandwich beam

equations using the finite element method for drawing the dispersion diagrams and FRFs.

4.2.2.1 Finite element model of periodic sandwich beam

In this subsection the finite element model of a sandwich beam is derived. The kine-

matics of the sandwich beam along with its state variables are shown in Figure 4.44:
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Figure 4.44 – Kinematics of sandwich beam

Source: (HUANG et al., 2019).

In Figure 4.44 the thickness of the base beam, viscoelastic layer and constraining layer

are represented by h1, h2, h3. The transverse deflection and rotation angle of the sandwich

beam are represented by w and ∂w
∂x . The longitudinal displacements for each layer are u1, u2

and u3. The distance of the centerlines is d and finally, the shear angle and shear strain are

stated by ϕ and β.

It can be shown that the displacements of the top and bottom surface of the viscoe-

lastic layer are given by Eq. (4.29) (HUANG et al., 2019):

utop = u3 + h3

2

∂w

∂x

ubot tom = u1 − h1

2

∂w

∂x

(4.29)

The displacement of the viscoelastic layer in the x direction is expressed by Eq. (4.30):

u2 =
utop +ubot tom

2
(4.30)

The mid-plane displacement of the viscoelastic layer in the x direction is obtained by

substituting Eq. (4.29) in Eq. (4.30):

u2 = 1

2

[
(u3 +u1)+ h3 −h1

2

∂w

∂x

]
(4.31)

Using the geometric relation of the sandwich beam, the shear angle of the viscoelastic

layer in the y-axis is given by:

ϕ= utop −ubot tom

h2
(4.32)
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The mid-plane shear angle is then obtained by substituting Eq. (4.29) in Eq. (4.32):

ϕ= 1

h2

[
(u3 −u1)+ h3 +h1

2

∂w

∂x

]
(4.33)

The shear strain of the viscoelastic layer is given by Eq. (4.34):

β= 1

h2

[
(u3 −u1)+

(
h3 +h1

2
+h2

)
∂w

∂x

]
(4.34)

In Figure 4.45 it is shown the sandwich beam element with its degrees of freedom:

Figure 4.45 – Sandwich beam element

Source: (HUANG et al., 2019).

The nodal degrees of freedom are the transverse displacement w , the longitudinal

displacement u and the rotation angle θ. The beam element length is le , and the thickness

of each layer is h. The displacement at any point of the sandwich beam element is given by

the shape interpolation function as follow (HUANG et al., 2019):

ze = [u1i u3i wi θi u1 j u3 j w j θ j ]T (4.35)

z = [u1 u3 w θ]T = Nze (4.36)

where N is the shape function matrix, given by N = [N1 N2 N3 N4]. The components

of the shape function matrix are:

N1 =
[

(1−χ) 0 0 0 χ 0 0 0
]

N2 =
[

0 (1−χ) 0 0 0 χ 0 0
]

N3 =
[

0 0 (1−3χ2 +2χ3) (χ−2χ2 +χ3)le 0 0 (3χ2 −2χ3) (−χ2 +χ3)le
]

N4 =
[

0 0
6χ(χ−1)

le
(1−4χ+3χ2) 0 0

6χ(1−χ)

le
(−2χ+3χ2)

] (4.37)

where χ= x
le

.
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The displacements of the sandwich beam element represented by the shape functions

in Eq. (4.37) are given by Eq. (4.38):

u1 = N1ze

u3 = N2ze

w = N3ze

θ = N4ze

(4.38)

The expression for u2 is obtained by substituting Eq. (4.38) in Eq. (4.31):

u2 = 1

2

[
(N1 +N2)+

(
h3 −h1

2

)
N4

]
︸ ︷︷ ︸

N5

ze (4.39)

Substituting Eq. (4.38) into Eq. (4.34) gives the shear strain represented by shape

functions:

β= 1

2

[
(N1 −N2)+

(
h1 +h3

2

)
N4

]
︸ ︷︷ ︸

N6

ze (4.40)

Next, to obtain the mass and stiffness matrices it is necessary to integrate the strain

and kinetic energy of the sandwich beam element. The total strain energy of the system is

given by summing the extensional, bending and shear effects, hence:

U =Ue1 +Ue3 +Ub1 +Ub3 +Us (4.41)

where Ue1 and Ue3 are the extensional strain energy of the base and constraining layer

respectively, Ub1 and Ub3 the bending strain energy and Us the shear strain energy of the

viscoelastic layer. The equations for each strain energy are obtained in Eq. (4.42) :

Ue1 = 1

2
E1 A1

∫ le

0

(
∂u1

∂x

)2

d x = 1

2
zeT

Ke
e1ze

Ue3 = 1

2
E3 A3

∫ le

0

(
∂u3

∂x

)2

d x = 1

2
zeT

Ke
e3ze

Ub1 =
1

2
E1I1

∫ le

0

(
∂2w

∂x2

)2

d x = 1

2
zeT

Ke
b1ze

Ub3 =
1

2
E3I3

∫ le

0

(
∂2w

∂x2

)2

d x = 1

2
zeT

Ke
b3ze

Us = 1

2
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The expression for the stiffness matrices are obtained by applying the shape functions,

and they are shown in Eq. (4.43):

Ke
e1 = E1 A1le

∫ 1
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[
∂N1

∂x

]T [
∂N1

∂x

]
dχ

Ke
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[
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]T [
∂2N3
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]
dχ
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∫ 1

0
N6

T N6dχ

(4.43)

As for the mass matrices, the kinetic energy of the sandwich beam is evaluated by

summing the kinetic energies for the base beam, constraining layer and viscoelastic layer.

The total kinetic energy is given in Eq. (4.44):

T = Te1 +Te2 +Te3 +Tb1 +Tb2 +Tb3 (4.44)

where Te1, Te2 and Te3 are the extensional kinetic energy of the base, viscoelastic and

constraining layer respectively, and Tb1, Tb2, Tb3 are the bending kinetic energy of each layer.

The equations for each kinetic energy are obtained in Eq. (4.45) :
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(4.45)

The mass matrices are obtained in a similar fashion:
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Me
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(4.46)

The expressions for the full stiffness and mass matrices of the sandwich beam element

are given in Eq. (4.47):

Ke = Ke
e1 +Ke

b1 +Ke
e3 +Ke

b3︸ ︷︷ ︸
Ke

el ast i c

+Ke
vi sco

Me = Me
e1 +Me

b1 +Me
e2 +Me

b2 +Me
e3 +Me

b3

(4.47)

With the stiffness and mass matrices ready, it is now possible to apply the damping

models of section 4.2.1. For the viscoelastic damping specifically, the Kel ast i c and Kvi sco of

Eq. (4.47) are plugged respectively in the matrices Ks (representing the elastic portion) and

Kv (representing the visco portion) of Eq. (3.34).

4.2.2.2 Results for sandwich beam

The sandwich beam core will be modeled using two different materials, the soft mate-

rial ISD 112 and the hard viscoelastic material LD-400 from (SOOVERE; DRAKE, 1985). The

sandwich beam dimensions and material properties are listed in Table 4.4 below:

Table 4.4 – Periodic sandwich beam material parameters at 24 oC.

Parameter ALUMINUM (BASE) ISD 112 LD-400 ALUMINUM (CONSTRAINT LAYER)
E (GPa) 70 0.0013 0.16 70
G (GPa) 25.9 0.00043 0.053 25.9

L (m) 0.6 0.3 0.3 0.6
A (m2) 1 x 10-4 2.5 x 10-4 2.5 x 10-4 1 x 10-4

d (kg/m3) 2700 1000 1000 2700
Source: The author.

The viscoelastic parameters for ISD 112 were listed in Table 4.3 whereas the viscoelas-

tic parameters for the LD-400 are listed in Table 4.5:
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Table 4.5 – Viscoelastic Parameters for LD-400 at 24 oC.

Parameter Value Unit
ρi [6.7 x 10-5, 6.9 x 10-4, 4 x 10-3, 1.4 x 10-2, 6.8 x 10-1] s
αi [18.7, 18.7, 18.7, 18.7, 12.2] dimensionless

Source: The author.

Following the same steps of the composite rod in section 4.2.1, the FRF and dispersion

diagrams for each damping model are obtained. Since the sandwich beam have rotational,

longitudinal and flexural degrees of freedom, only the flexural band gaps and the effect of

damping models on those will be investigated. Moreover, the solution of the eigenvalue pro-

blem in Eq. (2.13) leads to an eigenvalue tracking problem, where it becomes difficult to

track the correct branch along the frequencies due to branch crossing and veering (COLLET

et al., 2011). In this case, only the attenuation factor of the sandwich beam is plotted.

The master curves of ISD 112 and LD-400 for selected damping ratios are plotted be-

low:

Figure 4.46 – Master curve of ISD 112 for different damping ratio values and reference temperature of 24 oC

Source: The author.
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Figure 4.47 – Master curve of LD-400 for different damping ratio values and reference temperature of 24 oC

Source: The author.

The effect of each damping model on the FRF are observed in Figure 4.48:

Figure 4.48 – FRF of periodic sandwich beam for: a) proportional viscous damping, b) hysteretic damping and
c) viscoelastic damping
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Source: The author.

In Figure 4.48 a) it is observed the effect of proportional viscous damping in the FRF
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response for different damping ratio values. The level of vibration attenuation increases with

frequency, as expected from Eq. (3.17). For the hysteretic damping model in Figure 4.48 b),

the vibration attenuation around the resonance across the frequencies are the same. This

behavior is given by Eq. (3.20). Finally, the viscoelastic damping model presents an increase

in vibration attenuation with frequency similar to that of the proportional viscous damping.

Around the frequency of 400-500 Hz and beyond it can be seem the vibration attenuation

resembling Case 3 in section 4.1.3 and Case 4 in section 4.1.4 where an increased damping

ratio raises the level of vibration around the resonances.

The dispersion diagram for each damping model is depicted in Figure 4.49:

Figure 4.49 – Dispersion diagram showing the attenuation factor of sandwich beam under various damping
ratios for a) proportional viscous damping, b) hysteretic damping and c) viscoelastic damping

Source: The author.

In Figure 4.49 a) it is observed that the attenuation increases with frequency, which

is in accordance to Eq. (3.17). No shift in band gaps are presented, and it is possible to ob-

serve the band gap merging phenomenon due to the high level of damping of the pass band

starting from 100 Hz for ζ= 0.01 and ζ= 0.02 . Next, the hysteretic damping model in Figure

4.49 b) shows almost no effect on the attenuation factor for different damping ratios, possi-

bly due to presenting the same damping ratio in the resonant peaks regardless of frequency,

as seen in Eq. (3.20). Finally, the viscoelastic damping model in Figure 4.49 c) shows increa-

sed attenuation when the operational frequency is increased. It is also observed the shifts in

band gaps for ζ= 0.01 and ζ= 0.02. These shifts in band gaps are explained by the elevated

change in the stiffness of the VEM cores, as observed in Figure 4.46 and Figure 4.47.

The effect of temperature is investigated herein. In figure below we plot the master

curves for ISD 112 and LD 400 for different temperatures:
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Figure 4.50 – Master Curve of ISD at different temperatures

Source: The author.

Figure 4.51 – Master Curve of LD-400 at different temperatures

Source: The author.

The effect of temperature in FRF of the periodic sandwich beam at different tempera-

tures is depicted in Figure 4.52:
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Figure 4.52 – FRF of periodic sandwich beam at various temperature levels
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It is concluded from Figure 4.52 that the band gaps are shifted when the temperature

increases. Also, it is possible to notice the maximum attenuation is obtained at 24 oC. This

attenuation is mainly driven by the loss factor of LD-400, which attain maximum value at 24
oC. The dispersion diagram in Figure 4.53 showing the attenuation factor of the sandwich

beam illustrates the shift in band gaps according to temperature:

Figure 4.53 – Dispersion diagram showing the attenuation factor of the periodic sandwich beam

Source: The author.
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From the dispersion diagram showing the attenuation factor in Figure 4.53 it is con-

cluded that the band gaps shift to the range of lower frequencies as the temperature decre-

ases. The attenuation increases for higher frequencies at the temperature of 24 oC, mainly

due to the high loss factor of LD-400.

Hence, the following observations are made for periodic sandwich beams:

• Six band gap regions were observed in the frequency range of 0 - 750 Hz.

• The proportional viscous and viscoelastic damping models created the band gap mer-

ging phenomenon starting from a frequency of 200 Hz. This is explained by the fact

that in both models the damping ratio (or loss factor) increases for higher frequencies.

• It was observed shift in band gaps for the viscoelastic damping model when varying

the damping ratio. This is possible explained by the change in stiffness of LD-400 and

ISD 112 with frequency.

• The hysteretic damping did not provide any change in band gaps. Only a small level of

attenuation was observed in the pass bands.

• Shift in band gaps were observed using the viscoelastic damping model with frequency-

temperature dependency, similar to what was observed with the periodic composite

rod.

Overall, adding a damping model to periodic continuous systems change the behavior

of dispersion curves. Hence, the analyst must take damping into account when designing

periodic structures to suppress sound or vibration at desired frequencies, especially when

using viscoelastic materials, where temperature plays a major role in the location of band

gaps in the frequency range.
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Chapter 5

Conclusion

In this dissertation, different types of damping models and their effect on band gaps

and pass bands of periodic structures were investigated. In particular, these damping mo-

dels were added to lumped mass spring damper systems and continuous systems, and the

dispersion curves and frequency response function were calculated for each case.

A revision of the bibliography of metamaterials was made, showing different usages

of this class of materials. Periodic materials fall into the class of metamaterials, and they

can be used to filter elastic waves, thus reducing vibration level. An introduction of periodic

materials was discussed, and the transfer matrix method was used to model the periodic

structure. The transfer matrix method was applied to a periodic beam, where the pass bands,

band gaps and frequency response function were calculated. There was excellent agreement

between inhouse code and Ansys Workbench regarding the location of band gaps, and these

results were also validated with previous works on periodic beams.

Different damping models were discussed in this dissertation, along with their impact

on band gaps and pass bands of periodic materials. Since most of the studies on energy

dissipation in periodic structures focus on theω(k) approach, the alternative approach k(ω)

is chosen, as it is commonly found in engineering problems where a harmonic excitation is

present.

The first damping model introduced was the viscous damping, divided into propor-

tional viscous damping, also called classical Rayleigh, where the damping matrix is a linear

combination of the mass and stiffness matrix, and non-proportional viscous damping. For

the phononic crystals studied in this dissertation, it was shown that both damping models

eliminate the pass bands regions, as the attenuation factor becomes different from zero in

the frequency intervals where a pass band was located with undamped phononic crystals.

This elimination of pass bands creates a band gap merging phenomenon. For the phase

constant diagrams, it was shown that the phase constant values do not reach the bounding

values of zero and π when the damping ratio value increases. In the case of metamaterials,
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damping decreases the local resonance admittance values, thus helping on the propagation

of elastic waves across the structure. This result is corroborated with the depicted dispersion

curves, especially when looking at the attenuation factor diagram.

The second damping model studied was the hysteretic damping, characterized by the

loss factor η of the material. Similar results compared to viscous damping models were ob-

tained for phononic crystals and metamaterials. Since the damping ratio value is the same

regardless of frequency, the same level of attenuation is observed for all the resonant fre-

quencies of phononic crystals and metamaterials.

The last damping model investigated was the viscoelastic damping model, characte-

rized by variation in storage modulus and loss factor within frequency and temperature. It

was shown that the band gaps are shifted in frequency when the temperature increases due

to changes in the storage modulus. This behavior is noticed in both lumped and continuous

systems. Moreover, it was also shown that the attenuation level and phase constant of the

structure also varies with frequency and temperature.
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